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We study the effects of screened modified gravity of the f(R), dilaton and symmetron types on
structure formation, from the quasilinear to the nonlinear regime, using semi-analytical methods.
For such models, where the range of the new scalar field is typically within the Mpc range and below
in the cosmological context, nonlinear techniques are required to understand the deviations of the
power spectrum of the matter density contrast compared to the Λ-CDM template. This is nowadays
commonly tackled using extensive N-body simulations. Here we present new results combining
exact perturbation theory at the one-loop level (and a partial resummation of the perturbative
series) with a halo model. The former allows one to extend the linear perturbative analysis up
to k . 0.15hMpc−1 at the perturbative level while the latter leads to a reasonable, up to a few
percent, agreement with numerical simulations for k . 3hMpc−1 for large-curvature f(R) models,
and k . 1hMpc−1 for dilatons and symmetrons, at z = 0. We also discuss how the behaviors of
the perturbative expansions and of the spherical collapse differ for f(R), dilaton, and symmetron
models.
PACS numbers: 98.80.-k
I. INTRODUCTION
The acceleration of the expansion of the Universe[1, 2]
can be accommodated with General Relativity (GR) by
introducing a finely tuned cosmological constant. It
could also be that the laws of gravity on sufficiently
large scales are not well understood and need to be re-
examined (see for instance [3]). Scalar field models with
a coupling to matter density lead to the existence of a
fifth force depending on the gradient of the scalar field
profile in the vicinity of dense bodies. Of course, the
existence of long-range scalar forces in the Solar Sys-
tem is tightly constrained by the Cassini probe (fifth-
force test)[4] and the Lunar Ranging experiment (test
of the strong equivalence principle)[5]. All in all, such
a scalar force in the Solar System must be highly sup-
pressed, implying that screening mechanisms must be
introduced to guarantee the compatibility of the Solar
System tests with long-range scalar forces on cosmolog-
ical scales. Three types of screening have been unrav-
eled: the chameleon mechanism[6–8] where the scalar
field mass grows with the matter density and Yukawa
suppresses the fifth force in dense environments, the
Damour-Polyakov property[9] where the coupling to mat-
ter itself is attracted towards zero in dense matter, and fi-
nally the Vainshtein mechanism[10] whereby the normal-
ized scalar fluctuations have a reduced coupling in dense
environments. The first two are describable as scalar-
tensor theories with a nonlinear potential V (ϕ) and a
coupling function A(ϕ). In the presence of matter, the
effective potential has a minimum where the mass and/or
the coupling of the scalar field are large and/or small
enough. The Vainshtein mechanism is characteristic of
models with nonlinear kinetic terms. In the rest of this
paper, we will solely focus on scalar-tensor models with
the chameleon or the Damour-Polyakov property, the lat-
ter for the dilatons[11] and symmetrons[12–14]. Interest-
ingly, a seemingly unrelated model, the f(R) theories[15],
are viable when possessing the chameleon property[16].
We will describe the behavior of the large-curvature f(R)
models too.
Models with chameleon or Damour-Polyakov signa-
tures can all be described by a tomographic method[17]
whereby the potential and the coupling function of ϕ
can be reconstructed from the time behavior of the mass
function m(a) and the coupling β(a) at the minimum
of the effective potential for ϕ, for the matter density
ρ(a), as a function of the cosmological scale factor a.
This is a very physical way of defining models as it de-
termines properties affecting the growth of structures.
Indeed, the scalar force in the cosmological background
modifies the geodesics of the Cold Dark Matter (CDM)
particles implying a change of the growth rate of linear
perturbations[18]. This modification depends only on the
range of the fifth force cosmologically, λ(a) = m−1(a),
and on the coupling of matter particles to the scalar field,
β(a). The tomographic mapping allows one to relate
these features of linear perturbation theory to the full
nonlinear Lagrangian description of the model, which is
determined by the shape of V (ϕ) and β(ϕ). Explicit
examples are known for the dilatons, symmetrons and
large-curvature f(R) models[19]. Here we shall consider
f(R) models in their Jordan frame, although an Einstein-
frame treatment would be just as adequate. For all these
models, we perform a cosmological perturbative analy-
sis, using the m(a) − β(a) parametrization, which can
be pursued to all orders, but we stop at the third order
to take into account effects up to one loop in the power
spectrum. We also tackle nonperturbative properties of
the screened models with the same parametrization in
a spherical collapse approach. This m(a) − β(a) way
of defining screened models goes beyond the effective de-
2scriptions of linear perturbations which has been recently
developed by several groups[20–23] in as much as higher
orders in perturbation theory and nonperturbative fea-
tures are readily available and calculable as exemplified
in this paper.
The analysis of these models in the nonlinear regime of
structure formation has been recently tackled using the
tomographic mapping and large N-body simulations with
the ECOSMOG code for dilatons and symmetrons[24].
Earlier numerical simulations of f(R) models are also
available[25]. It turns out that the typical scale for
the scalar range cosmologically must be lower than 1
Mpc[17, 26], which is already in the mildly nonlinear
regime, implying that such simulations are indeed nec-
essary. They all reveal features on scales up to a few
Mpc’s which can be qualitatively understood as follows.
On large and linear scales, hardly any modification of
gravity occurs while on very small scales, where modified
gravity is screened, the usual GR behavior is recovered.
In between these two limits, the power spectrum of the
matter density contrast is largely model dependent. For
large-curvature f(R) models, the deviation from the Λ-
CDM result has a “bump” at a scale corresponding to the
range of the scalar force. For dilatons and symmetrons,
there is a flattening of the discrepancy over the same
range of nonlinear scales. In general, the screening of
f(R) models is less strong than that of the dilatons and
symmetrons.
In this paper, we combine perturbation theory and
a partial resummation of the perturbative series (more
precisely, a regularization of the perturbative expansion)
with a halo model in order to probe the same scales as
the N-body simulations. At the perturbative level, we ex-
pand the scalar contribution to the effective Newtonian
potential up to third order in the nonlinear density con-
trast. Whereas the first order enhances the gravitational
clustering (for the models we consider here) and is simi-
lar to a scale-dependent Newton constant, the second and
third orders are the first signs of the chameleon or screen-
ing mechanisms that make these theories consistent with
Solar-System constraints. This allows us to calculate ex-
actly the one-loop power spectrum in the presence of a
scalar modification of gravity. This provides a reason-
able agreement with the simulations up to quasilinear
scales around 0.15hMpc−1 at z = 0. We discuss how the
behavior of this perturbative expansion differs for the
f(R), dilaton, and symmetron models. We also give the
recipe to extend this treatment up to an arbitrary num-
ber of loops, but this approach becomes computationally
increasingly complex.
Next, we go beyond the one-loop approximation by
using an improved halo model[27]. This includes both a
Lagrangian-space regularization of the one-loop expan-
sion, which automatically generates a partial account of
higher orders (so that the probability distribution of rel-
ative particle displacements is well behaved, i.e., posi-
tive and well normalized, which is not the case in the
sharp truncation associated with the standard one-loop
result), and an account of nonperturbative terms, asso-
ciated with pancake formation (large-scale structures on
mildly nonlinear scales) and halo formation (which gov-
erns the high-k behavior).
This necessitates describing the spherical collapse
in f(R) models and scalar-tensor modifications of
gravity[16, 28, 29]. This is done by assuming a pro-
file ansatz (identical to the typical profile in the lin-
ear regime for Gaussian fields) for the calculation of the
scalar force on a spherical shell and using the m(a)−β(a)
parametrization of dilatons and symmetrons. We find
that the f(R) models differ from the dilatons and sym-
metrons in as much as the linear density threshold, which
becomes mass dependent here due to the scale depen-
dence of the scalar force, converges to the linear weak-
field limit for small masses, whereas it converges to the
Λ-CDM value for dilatons and symmetrons.
Using this combined approach for the matter density
power spectrum, we find a good agreement with numer-
ical simulations up to 3hMpc−1 for f(R) models, and
1hMpc−1 for dilatons and symmetrons. For some cases,
the difference with N-body simulations is up to a factor
of 2: this occurs for certain symmetron models where the
perturbative expansion does not converge rapidly enough
(more precisely, the screening mechanism has not con-
verged on weakly nonlinear scales at third order in the
scalar and density fields) or the scalar field quickly re-
laxes to a singular value in spherically symmetric large
overdensities. In the other cases, where the third-order
terms in the perturbative expansion are smaller than the
second order ones and the scalar field remains in a regular
(analytic) domain, we find a good agreement.
In summary, our semi-analytical treatment of the
power spectrum of screened models provides a much
faster description of the nonlinear power spectrum than
N-body simulations. As such it can be used as a sieve to
distinguish interesting models where deviations from Λ-
CDM could be large enough to be within reach of future
large galaxy surveys from less constrained ones which
are out of reach. Indeed, we have found that the semi-
analytical results always reproduce the correct order of
magnitude given by N-body simulations and even corre-
spond to the simulated results up to a few percent on
large scales, when the perturbative series of the screened
models converges fast enough. Increasing the accuracy
of our method would certainly require us to better un-
derstand the shape of the halos in modified gravity and
the halo mass function. This is left for future work.
In section II, we recall the main features of modified
gravity models that are relevant for large-scale structures
and briefly discuss the quasistatic approximation. In sec-
tion III, we analyse the perturbative series and the power
spectrum in the single-stream approximation at the one-
loop order. In section IV, we consider the spherical col-
lapse of f(R) and scalar-tensor models. In section V,
we define the halo model and give our results on the
power spectrum of f(R), dilaton and symmetron mod-
els. Finally we conclude before an appendix where the
3construction of the halo model and its combination with
perturbation theory is recalled.
II. MODIFIED GRAVITY MODELS
We describe here the two classes of models that we
consider in this article: i) “f(R)” theories, where the
Einstein-Hilbert action is complemented by a term which
depends on the Ricci curvature, and ii) scalar-tensor the-
ories, where an additional scalar field ϕ is conformally
coupled to the ordinary matter.
A. f(R) models
The first class of models that we consider in this pa-
per corresponds to “f(R) theories”, where the Einstein-
Hilbert action is supplemented by a term that depends
on the Ricci scalar, which we choose to have the form
[15, 16, 30]
f(R) = −2Λ− fR0c
2
n
Rn+10
Rn
. (1)
This involves two parameters: the normalization fR0 and
the exponent n > 0. This is also the large-curvature
regime of the model proposed in [16], which is consistent
with Solar-System and Milky-Way constraints thanks to
the chameleon mechanism, for |fR0 | / 10−5. This modi-
fication of the Einstein-Hilbert action leads to a modified
Poisson equation, which reads as [25]
∇2Ψ = 16πG
3
a2 δρ− a
2
6
δR, (2)
where Ψ is the modified Newtonian potential, whose gra-
dient governs the motion of particles, and δρ is the matter
density fluctuation. Here and in the following, we use co-
moving coordinates, x = r/a (and ∇ = ∇x), where a is
the cosmological scale factor, while we use the physical
matter density ρ (its mean ρ¯ decreases with time as a−3).
The fluctuation of the Ricci scalar, δR = R − R, is
determined by the constraint [25]
∇2δfR = a
2
3
[δR− 8πG δρ] , (3)
where we have introduced:
δfR = fR(R)− fR(R), (4)
and
fR(R) =
df
dR
= fR0c
2R
n+1
0
Rn+1
. (5)
Here we have used the quasistatic approximation and
have discarded a negligible fRR term. Then, Eqs.(2)
and (3) govern the dynamics of the system.
Even though Eq.(3) is nonlinear in δR, we can check
that it is self-averaging, in the sense that on large scales
we recover δR→ 0. This is due to the fact that nonlinear-
ities enter through the Laplacian∇2 on the left-hand side
of Eq.(3). Integrating over a large volume V of boundary
S and using Ostrogradsky’s theorem gives∫
V
dV
V δR =
3
a2
∫
S
dS
V (n · ∇δfR) + 8πG
δM
V , (6)
where n is the normal unit vector to S. Thanks to the
conservation of matter and the finite amplitude of par-
ticle motions with respect to the Hubble flow, the last
term δM/V goes to zero for V → ∞, while the surface
term also goes to zero (typically faster than the inverse
of the radius of the volume V). Therefore, the average
over a large volume of δR goes to zero, which means that
there is no cumulative contribution to the potential (2)
on large scales due to small-scale nonlinearities, and we
recover the background Hubble flow on large scales[54].
In a perturbative approach to the formation of large-
scale structures, we expand in the fluctuations δR and δρ
with respect to the background, which gives rise to suc-
cessive derivatives of fR(R). Thus, we define the quanti-
ties
n ≥ 1 : κn(a) = H2n−2 d
nfR
dRn
(R), (7)
(so that all coefficients κn have the dimension of a length
squared), while the background Ricci scalar is given by
R(a) = 3H20
[
Ωm0 a
−3 + 4ΩΛ0
]
. (8)
To be consistent with previous works which focused on
linear theory, we also define
m(a) =
1√
3κ1
. (9)
In this paper, we perform numerical computations for
the three f(R) theories of the power-law form (1) with
n = 1 and fR0 = −10−4, −10−5, and −10−6, to compare
our results with numerical simulations from [25].
B. Scalar field models
1. Klein-Gordon and modified Poisson equations
We now turn to scalar-tensor theories, where the action
defining the system in the Einstein frame has the general
form [31]
S =
∫
d4x
√−g
[
M2Pl
2
R− 1
2
(∇ϕ)2 − V (ϕ)
]
+
∫
d4x
√
−g˜Lm(ψ(i)m , g˜µν), (10)
where g is the determinant of the metric tensor gµν and
ψ
(i)
m are various matter fields. The additional scalar field
4ϕ is explicitly coupled to matter through the Jordan-
frame metric g˜µν , which is given by the conformal rescal-
ing
g˜µν = A
2(ϕ) gµν , (11)
and g˜ is its determinant.
This coupling implies that matter particles of mass m
are sensitive to a “fifth force”, F = −mc2∇ lnA [6]. This
can be written as an additional contribution ΨA to the
Newtonian term ΨN in the total gravitational potential,
Ψ = ΨN +ΨA, (12)
with
1
a2
∇2ΨN = 4πG δρ, ΨA = c2(A− A¯), (13)
were we assumed A(ϕ) ≃ 1, as required by experimental
constraints on the variation of fermion masses.
On the other hand, the coupling also means that the
equation of motion of the scalar field explicitly depends
on the matter environment (which also enables screening
mechanisms to appear), and in the quasistatic limit the
Klein-Gordon equation reads as
c2
a2
∇2ϕ = dV
dϕ
+ ρ
dA
dϕ
. (14)
Thus, Eqs.(12) and (14) play the same role as Eqs.(2)
and (3) encountered in f(R) theories and fully determine
the dynamics of the system and the formation of large-
scale structures. From the point of view of the matter
dynamics (e.g., after integration over the field ϕ), this
is indeed a “modified gravity” theory because the con-
tribution ΨA appears as a modification to the Poisson
equation. Finally, each scalar field model will be speci-
fied by the choice of the scalar field potential V (ϕ) and
of the coupling function A(ϕ).
Again, we can check that small-scale nonlinearities are
self-averaging. Indeed, assuming for instance periodic
boundary conditions for the matter density ρ, we can
look for periodic solutions to the nonlinear Klein-Gordon
equation (14). Then, the potential ΨA is periodic and
does not show a cumulative growth with |x|, so that we
recover the background Hubble flow on large scales.
2. Einstein frame
We will exclusively work in the Einstein frame where
matter particles feel both the effect of the metric gµν
appearing in the Einstein-Hilbert action and the scalar
field. In the Jordan frame, where matter particles couple
directly to the metric g˜µν , the matter density ρJ is related
to the conserved matter density ρ by
ρJ = A
−3(ϕ)ρ, (15)
implying that at linear order the perturbed energy den-
sity contrasts are related by
δJ = δ − 3β(ϕ) δϕ
MPl
(16)
where β(ϕ) = MPldA/dϕ ≃ MPl d lnAdϕ is the coupling to
matter (we always have A ≃ 1). To leading order the
perturbed Klein-Gordon equation gives
δϕ
MPl
= − 3βΩma
2H2
c2(a2m2 + k2)
δ (17)
where m2(ϕ) is the mass of the scalar field in the back-
ground ϕ. This implies that
δJ =
[
1 +
9β2Ωma
2H2
c2(a2m2 + k2)
]
δ. (18)
For couplings of order one, the energy density pertur-
bation in the Jordan frame differs from δ by a term of
order H2/(c2m2) at most. The background ϕ is stable
provided that m2(ϕ) ≫ H2/c2 [19] and Solar System
tests of gravity imply that m(ϕ) ≥ 103H/c [17]. This
leads to a very small correction term of order less than
10−6, which is negligible when considering the effects of
modified gravity at the percent level and we shall ne-
glect it in the following. Hence we will always calculate
perturbations in the Einstein frame and we do not need
to distinguish between Jordan-frame and Einstein-frame
densities.
3. Derived functions and tomography
In a perturbative approach, we expand in powers of the
fluctuations δϕ and δρ of the scalar field and of the mat-
ter density field, with respect to the uniform background
(ϕ, ρ). More generally, we can expand the potential V (ϕ)
and the coupling function A(ϕ), and we are led to define
the successive derivatives
n ≥ 1 : βn(ϕ) =MnPl
dnA
dϕn
(ϕ), (19)
n ≥ 2 : κn(ϕ, ρ) = M
n−2
Pl
c2
∂nVeff
∂ϕn
=
Mn−2Pl
c2
[
dnV
dϕn
(ϕ) + ρ
dnA
dϕn
(ϕ)
]
, (20)
where Veff = V +ρ(A−1) is the effective potential which
enters the Klein-Gordon equation (14). Thus, the coeffi-
cients βn are dimensionless while the coefficients κn have
the dimension of a wave number squared. To use con-
sistent notations with previous works which focused on
linear theory, we also define
β = β1 and m
2 = κ2. (21)
5Following [32, 33], it is convenient to write these
functions in terms of the scale factor a(t), by defining
βn(a) ≡ βn[ϕ(a)] and κn(a) ≡ κn[ϕ(a), ρ(a)] (we use
the same notations, to avoid introducing too many func-
tions). Through the two functions β(a) and m(a) it is
possible (at least in some regular domain) to reconstruct
the two functions V (ϕ) and A(ϕ), so that one can also
define each scalar field model through the former func-
tions β(a) andm(a). This allows one to build for instance
models which satisfy a specific pattern for the growth of
large-scale structures at linear order. In any case, as in
[17], we note that Eq.(14) reads at zeroth order (i.e., for
the uniform background) as
dV
dϕ
+ ρ
dA
dϕ
= 0, (22)
and taking the derivative with respect to the scale factor
a yields (
d2V
dϕ2
+ ρ
d2A
dϕ2
)
dϕ
da
+
dρ
da
dA
dϕ
= 0. (23)
Using ρ ∝ a−3 and Eqs.(19)-(21) we obtain
dϕ
da
=
3βρ
c2MPlm2a
. (24)
Then, we easily obtain high-order derivatives βn and κn
by recursion, as
βn+1(a) =MPl
dβn
dϕ
=
c2M2Plm
2a
3βρ
dβn
da
, (25)
and
κn+1(a) =
c2M2Plm
2a
3βρ
dκn
da
+
m2βn
β
. (26)
a. Generalized dilaton models The original dilaton
model corresponds to the coupling function [9]
A(ϕ) = 1 +
1
2
A2
M2Pl
(ϕ− ϕ∗)2 (27)
and the potential V (ϕ) = V0 exp(−ϕ/MPl). This can be
generalized [24] by keeping the coupling function as in
(27) but specifying the massm(a) instead of the potential
V (ϕ). Thus, the model is determined by the parameters
{m0, r, A2, β0}, with
m(a) = m0 a
−r, (28)
and β0 is the value of β(a) today (a0 = 1). Then, using
Eqs.(22) and (24) we obtain
β(a) = β0 e
−s(a2r−3−1)/(3−2r), with s =
9A2Ωm0H
2
0
c2m20
.
(29)
Using Eqs.(25)-(26), the derivatives needed for second-
order computations read as
β2 = A2, κ3 =
m2A2
β
(
1− 2r
s
a3−2r
)
, (30)
and at third order,
β3 = 0, κ4 = −m
2A22
β2
(
1 +
2r(3− 4r)
s2
a6−4r
)
. (31)
To compare our results with the numerical simulations
from [34], we consider the same set of parameters, which
we recall in Table I.
TABLE I: List of dilaton models considered in this paper.
They are the same as in [34].
model name m0[h/Mpc] r β0 s
A1 0.334 1 0.5 0.6
A2 0.334 1 0.5 0.24
A3 0.334 1 0.5 0.12
B1 0.334 1 0.25 0.24
B3 0.334 1 0.75 0.24
B4 0.334 1 1 0.24
C1 0.334 1.33 0.5 0.24
C3 0.334 0.67 0.5 0.24
C4 0.334 0.4 0.5 0.24
D1 0.667 1 0.5 0.06
D3 0.167 1 0.5 0.96
D4 0.111 1 0.5 2.16
b. Generalized symmetron models The symmetron
model [12–14] corresponds to a phase transition from a
single-well to a double-well effective potential, so that the
modifications to gravity only appear after a finite time
(with respect to the background), at a scale factor as
where the field ϕ moves from the initial single minimum
ϕ = 0, in high-density environments with ρ > ρ(as), to
one of the two new minima ±ϕc(ρ) which appear in low-
density environments with ρ < ρ(as). Following [34], we
consider a generalization [24] defined by the functions
β(a) = β0
[
1−
(as
a
)3]nˆ
, (32)
m(a) = m0
[
1−
(as
a
)3]mˆ
, (33)
for a > as, and β = 0 and m = 0 for a ≤ as. Thus, the
model is now defined by the parameters {β0, nˆ,m0, mˆ},
with nˆ > 0, mˆ > 0, and nˆ − 2mˆ + 1 > 0 (which arises
from the requirement that ϕ(as) be finite). Using again
Eqs.(25)-(26), we obtain
β2 =
nˆc2a3sm
2
3Ωm0H20
[
1−
(as
a
)3]−1
, (34)
κ3 =
nˆ+ 2mˆ
nˆ
m2β2
β
, (35)
and
β3 =
2mˆ− 1
nˆ
β22
β
, (36)
6κ4 =
8mˆ2 − nˆ(2 + nˆ) + mˆ(4nˆ− 2)
nˆ2
m2β22
β2
. (37)
To compare our results with the numerical simulations
from [34], we consider the same set of parameters, which
we recall in Table II.
TABLE II: List of symmetron models considered in this paper.
They are the same as in [34].
model name as m0[h/Mpc] mˆ β0 nˆ
A1 0.5 0.033 0.5 1 0.5
A2 0.5 0.033 0.5 1 0.25
A3 0.5 0.017 0.5 1 0.25
A4 0.5 0.017 1 1 1.5
B1 0.33 0.033 0.5 1 0.5
B2 0.33 0.033 0.5 1 0.25
B3 0.33 0.017 0.5 1 0.5
B4 0.33 0.017 1 1 1.5
4. Quasistatic approximation
As in most published works, throughout this article
we use the quasistatic approximations (3) and (14). How-
ever, for the symmetron models described above, the sin-
gularity of the functions β(a) and m(a) of Eqs.(32)-(33)
at as could be expected to give rise to significant tran-
sients. We investigate here the magnitude of this effect,
at the linear level over the fluctuation δϕ [35], due to the
singularity of β(a). Without the quasistatic approxima-
tion, the Klein-Gordon equation (14) becomes
ϕ¨+ 3Hϕ˙− c
2
a2
∇2ϕ = −dV
dϕ
− ρdA
dϕ
. (38)
Then, the equation of motion for the field fluctuation,
δϕ = ϕ− ϕ, reads at linear order in δϕ and δρ as
δϕ¨+ 3Hδϕ˙− c
2
a2
∇2δϕ = −c2m2δϕ− β
MPl
δρ, (39)
where δρ = ρ− ρ. Here we have absorbed possible tran-
sients of the background ϕ, with respect to its quasistatic
approximation, into a redefinition of the derivatives m2
and β. Introducing the rescaled field v = a δϕ and the
conformal time τ =
∫
dt/a, the Klein-Gordon equation
(39) becomes
v′′ − a
′′
a
v − c2∇2v = −c2m2a2v − βa
3δρ
MPl
, (40)
where primes denote derivatives with respect to τ . This
reads in Fourier space as
v˜′′ + ω2(τ) v˜ = S˜(τ), (41)
with
ω2 = k2c2 + c2a2m2 − a
′′
a
, S˜ = − βa
3
MPl
δρ˜. (42)
The quasistatic approximation is recovered by neglecting
the time derivatives, which yields v˜ = S˜/ω2 (at this lin-
ear order in δϕ). Here we only investigate the impact
of sudden changes or singularities of the coupling func-
tion β(a), whence of the source S˜. For this purpose, we
can go beyond the quasistatic approximation by keeping
the term v˜′′ in the linearized Klein-Gordon equation (41)
but neglecting the time dependence of ω2 (this applies to
cases where β(τ) and v˜(τ) vary on a shorter time scale
than the scale factor a(τ) and the mass m2(a)). This
yields the approximation
v˜(τ) ≃
∫ τ
0
dτ ′ S˜(τ ′)
sin[ω(τ − τ ′)]
ω
, (43)
and an integration by parts gives
v˜(τ) ≃ S˜
ω2
−
∫ τ
0
dτ ′ S˜′(τ ′)
cos[ω(τ − τ ′)]
ω2
, (44)
where we assumed that the source decays for τ → 0. The
first term in Eq.(44) is the quasistatic approximation,
and further integrations by parts yield terms of increasing
order in 1/ω. However, for singular coupling functions
β(τ) this stops at the order where the integral over the
n-derivative S˜(n) becomes divergent. In particular, for
singular coupling functions of the form (32) we must stop
at Eq.(44) if nˆ < 1. Let us consider the case
τ > τs : S˜(τ) = Ss (τ − τs)nˆ, with nˆ < 1, (45)
and S˜ = 0 for τ < τs. Then, Eq.(44) gives at late times
v˜(τ) ≃ S˜(τ)
ω2
− SsΓ(nˆ+ 1)
ω2+nˆ
cos[nˆ
π
2
+ ω(τs − τ)], (46)
and the quasistatic approximation is valid if (ωτ)nˆ ≫
1. The modified gravity effects that we consider in this
paper appear on scales where k ' am, whence ω ∼ kc,
and a ten percent accuracy on δϕ requires
k >
101/nˆ
cτ
∼ 3× 10−4+1/nˆ hMpc−1. (47)
Thus, we obtain k > 0.03hMpc−1 for nˆ = 0.5 and
k > 3hMpc−1 for nˆ = 0.25. Therefore, on the scales of
interest for modified gravity probes, k ' 0.1hMpc−1, the
quasistatic approximation is only valid up to a slightly
lower accuracy than ten percent if nˆ = 0.25, and to better
accuracy for higher values of nˆ. In particular, for nˆ > 1
or for regular coupling functions as in dilaton models,
or the generic case which includes the f(R) theories, the
correction to the quasistatic approximation is suppressed
by a factor 1/(ωτ) and a ten percent accuracy (at least)
7is reached as soon as k > 3 × 10−3hMpc−1 (and bet-
ter at higher k). For small k or the homogeneous back-
ground, the accuracy of the quasistatic approximation is
set by 1/(ωτ) ≃ 1/(camτ) ≪ 1. Thus, the quasistatic
approximation is sufficient for our purposes throughout
this paper.
A different issue is the fact that the symmetron mod-
els arise from a double-well potential and that differ-
ent domains may fall within different minima [36]. As
seen above, soon after as the quasistatic approximation
should become valid within each domain. However, at
the boundaries between different regions, new phenom-
ena associated with these domain walls take place and are
not described in this paper. They would require specific
methods suited to such topological defects.
III. PERTURBATIVE APPROACH
The equations of motion are nonlinear and there are no
explicit solutions in the general case. As in the usual Λ-
CDM cosmology we can look for perturbative solutions,
where we expand in fluctuations with respect to the uni-
form expanding background. We describe in this section
this perturbative approach to the equations of motion,
up to any order in all field fluctuations. We give explicit
expressions up to third order. For scalar-tensor models,
this is carried out in full generality using the m(a)−β(a)
parametrization.
A. Expansion of the modified “gravitational
potential”
To compute the dynamics of the matter particles we
need the modified gravitational potential Ψ given by ei-
ther Eq.(2) or Eq.(12). In the quasistatic approximation,
Ψ is a mere functional of the matter density fluctuation
δρ (i.e., it does not depend on the past evolution) and it
is convenient to first solve for Ψ[δρ]. Next, this expres-
sion can be used in the equation of motion of the matter
particles (the Euler equation in the single-stream approx-
imation), which can be solved as in the standard Λ-CDM
case by a perturbative expansion of the density and veloc-
ity fields in powers of the linear growing mode. A similar
approach was already used in [37] for DGP [38] and f(R)
models, up to one-loop order, and in [39] (where only the
linear order was kept in the modified gravitational poten-
tial). Here we describe how this perturbative approach,
which relies on two successive expansions, applies in a
similar fashion to f(R) theories and scalar-tensor mod-
els, with an explicit coupling to the matter density in
the Klein-Gordon equations that governs this additional
scalar field. We also show how the tomographic approach
determines the higher-order terms from derivatives of the
two coupling functions that appear at linear order.
1. f(R) models
In the f(R) theories, the modified potential Ψ is given
by equation (2) (in the quasistatic approximation), which
involves the fluctuation δR of the Ricci scalar. Therefore,
we first need to solve the constraint equation (3) to ob-
tain the functional δR[δρ]. Expanding the function fR,
with the help of the derivatives κn introduced in (7), and
moving linear terms in δR to the left-hand side, Eq.(3)
becomes(
1− ∇
2
a2m2
)
· δR = δρ
M2Pl
+
∞∑
n=2
3H2−2nκn
a2 n!
∇2 (δR)n.
(48)
Then, we can solve Eq.(48) for δR by looking for a per-
turbative expansion in powers of the nonlinear density
fluctuation δρ. Going to Fourier space, with the normal-
ization δR(x) =
∫
dk eik·x δR˜(k), we write this expan-
sion as
δR˜(k) =
∞∑
n=1
∫
dk1..dkn δD(k1 + ..+ kn − k)
× hn(k1, ..,kn) δρ˜(k1) . . . δρ˜(kn). (49)
As the linear operator in the left-hand side in Eq.(48) is
diagonal in Fourier space, with the inverse a2m2/(a2m2+
k2), we easily obtain the kernels hn by recursion, after
substituting the expansion (49) into Eq.(48). This yields
for instance for the first two kernels
h1(k) =
a2m2
M2Pl(a
2m2 + k2)
, (50)
h2(k1,k2) =
−3a4m6κ2k2
2H2M4Pl(a
2m2+k21)(a
2m2+k22)(a
2m2+k2)
.
(51)
The expansion (49) in powers of the nonlinear density
fluctuation δρ should be distinguished from the expan-
sion in powers of the linear density fluctuation δρL (or
ψL) that we introduce below to solve the Euler equa-
tion. In particular, the order and the range of validity
of these two expansions are not necessarily identical. For
instance, if the high-order derivatives κn are very small
(or if f(R) is a polynomial) the expansion (49) may be
truncated at a low order, even on scales where the density
field is highly nonlinear.
Next, substituting into Eq.(2) we obtain the expansion
in the nonlinear density fluctuation δρ of the modified
gravitational potential,
Ψ˜(k) =
∞∑
n=1
∫
dk1..dkn δD(k1 + ..+ kn − k)
×Hn(k1, ..,kn) δρ˜(k1) . . . δρ˜(kn). (52)
This gives
H1(k) = − a
2(3a2m2 + 4k2)
6M2Plk
2(a2m2 + k2)
, (53)
8and
n ≥ 2 : Hn = a
2
6k2
hn. (54)
2. Scalar field models
In scalar-tensor theories, the modified potential Ψ de-
pends on the scalar field ϕ, hence we first need to solve
the Klein-Gordon equation (14), to obtain the functional
δϕ[δρ]. Subtracting from Eq.(14) the uniform back-
ground (22) and expanding in δϕ, using the derivatives
(19)-(20), we obtain(∇2
a2
−m2
)
· δϕ = β δρ
c2MPl
+
β2 δρ
c2M2Pl
δϕ
+
∞∑
n=2
(
κn+1
Mn−1Pl
+
βn+1 δρ
c2Mn+1Pl
)
(δϕ)n
n!
. (55)
Again, we solve this Klein-Gordon equation as a pertur-
bative expansion in the nonlinear matter density fluctu-
ation δρ,
δϕ˜(k) =
∞∑
n=1
∫
dk1..dkn δD(k1 + ..+ kn − k)
× hn(k1, ..,kn) δρ˜(k1) . . . δρ˜(kn), (56)
using the fact that the linear operator on the left-hand
side in Eq.(55) is diagonal in Fourier space and easily
inverted as −a2/(a2m2+k2). This yields for instance for
the first two kernels
h1(k) =
−a2β
c2MPl(a2m2 + k2)
, (57)
h2(k1,k2) =
a4β(−a2βκ3 + 2β2(a2m2 + k21))
2c4M3Pl(a
2m2+k21)(a
2m2+k22)(a
2m2+k2)
.
(58)
Next, substituting into Eq.(12) we obtain the expan-
sion over δρ of the modified gravitational potential, as in
Eq.(52), writing the fifth-force contribution as
ΨA =
∞∑
n=1
c2βn
MnPl n!
(δϕ)n. (59)
This yields, for instance,
H1(k) = −a
2(a2m2 + k2(1 + 2β2))
2M2Plk
2(a2m2 + k2)
. (60)
B. Single-stream approximation for the matter
fluid
1. Hydrodynamical equations of motion
We have described in the previous sections how to com-
pute the modified gravitational potential up to any order
in δρ for f(R) theories and scalar-tensor models. From
expansions like Eq.(52) (which may also be associated
with other models), we now derive the dynamics of large-
scale structures in the perturbative regime. In the single-
stream approximation which is valid on large scales, the
dynamics of the matter fluid is given by the continuity
and Euler equations,
∂δ
∂τ
+∇ · [(1 + δ)v] = 0, (61)
∂v
∂τ
+Hv + (v · ∇)v = −∇ ·Ψ, (62)
where τ =
∫
dt/a is the conformal time, H = aH = a˙ the
conformal expansion rate, δ = δρ/ρ the matter density
contrast, and v the peculiar velocity. Introducing the
time variable η = ln a and the two-component vector ψ,
ψ ≡
(
ψ1
ψ2
)
≡
(
δ
−(∇ · v)/a˙
)
, (63)
Eqs.(61)-(62) read in Fourier space as
∂ψ˜1
∂η
− ψ˜2 =
∫
dk1dk2 δD(k1+k2−k)αˆ(k1,k2)
× ψ˜2(k1)ψ˜1(k2), (64)
∂ψ˜2
∂η
+
k2
a2H2
Ψ˜ +
1− 3wΩde
2
ψ˜2 =∫
dk1dk2 δD(k1+k2−k)βˆ(k1,k2)ψ˜2(k1)ψ˜2(k2), (65)
with
αˆ(k1,k2) =
(k1+k2) · k1
k21
, βˆ(k1,k2) =
|k1+k2|2(k1 ·k2)
2k21k
2
2
.
(66)
In the standard Λ-CDM cosmology, where the New-
tonian gravitational potential is linear in the density
field, the continuity and Euler equations (64)-(65) are
quadratic. In modified gravity models, such as those
studied in this paper, the potential Ψ is nonlinear and
contains terms of all orders in δρ. Therefore, we must in-
troduce vertices of all orders and we write Eqs.(64)-(65)
under the more concise form
O(x, x′) · ψ˜(x′) =
∞∑
n=2
Ksn(x;x1, .., xn) · ψ˜(x1) . . . ψ˜(xn),
(67)
where we have introduced the coordinates x = (k, η, i),
i = 1, 2 is the discrete index of the two-component vector
ψ˜, and repeated coordinates are integrated over. The
matrix O reads as
O(x, x′) = δD(η′−η) δD(k′−k)
×


∂
∂η −1
− 32Ωm(η)(1+ǫ(k, η)) ∂∂η+ 1−3wΩde(η)2

 , (68)
9where ǫ(k, η), which measures the deviation from the
Newtonian gravitational potential at linear order, is given
by
1 + ǫ(k, η) = −2M2Pla−2k2H1(k, η). (69)
The vertices Ksn are equal-time vertices of the form
Ksn(x;x1, .., xn) = δD(η1−η)..δD(ηn−η)
× δD(k1+ ..+kn−k) γsi;i1,..,in(k1, ..,kn; η). (70)
The nonzero vertices are the usual Λ-CDM ones,
γs1;1,2(k1,k2) =
αˆ(k2,k1)
2
, γs1;2,1(k1,k2) =
αˆ(k1,k2)
2
,
γs2;2,2(k1,k2) = βˆ(k1,k2), (71)
which are of order n = 2 and do not depend on time,
and the new vertices associated with the modified gravi-
tational potential (52),
n ≥ 2 : γs2;1,..,1(k1, ..,kn; η) = −
k2
a2H2
(3ΩmH
2M2Pl)
n
× 1
n!
∑
perm.
Hn(k1, ..,kn; η), (72)
where we sum over all permutations of {k1, ..,kn} to ob-
tain symmetrized kernels γs.
From the analysis in the previous sections, and in par-
ticular from Eqs.(48) and (55), we can check that at all
orders the vertices decay as k2 at low k,
n ≥ 2, k → 0 : γs2;1,..,1(k1, ..,kn) ∼ k2, (73)
where the limit is taken by letting the sum k = k1+..+kn
go to zero while the individual wave numbers {k1, ..,kn}
remain finite. This is related to the lack of backreaction
on large scales from small-scale nonlinearities, as noted
in Sec. II. As for the usual Newtonian gravity, this means
that if the initial conditions had very little power on large
scales (i.e., the linear power spectrum PL(k) would decay
faster than k4 at low k), nonlinearities would only gener-
ate a k4 tail at low k. For CDM initial conditions, where
PL(k) ∼ k0.96 at low k, this ensures that we recover the
linear theory on large scales.
a. f(R) theories: From Sec. III A 1 we obtain for the
first three kernels the expressions
ǫ(k, η) =
k2
3(a2m2 + k2)
, (74)
γs2;1,1(k1,k2) =
9a4Ω2mm
6κ2k
2
4(a2m2+k2)(a2m2+k21)(a
2m2+k22)
,
(75)
and
γ2;1,1,1(k1,k2,k3) =
9a6m8Ω3mk
2
4(a2m2 + k21)(a
2m2 + k22)
× a
2m2κ3 + (κ3 − 9m2κ22)|k2+k3|2
(a2m2 + k23)(a
2m2 + |k2+k3|2)(a2m2 + k2) , (76)
where we give an expression for the nonsymmetrized ker-
nel γ2;1,1,1 as it is more compact.
b. Scalar-tensor models: From Sec. III A 2 we obtain
ǫ(k, η) =
2β2k2
a2m2 + k2
, (77)
γs2;1,1(k1,k2) =
9a2H2Ω2mβ
2k2
2c2(a2m2+k2)
×a
2βκ3 − β2(k2 + k21 + k22 + 3a2m2)
(a2m2+k21)(a
2m2+k22)
, (78)
and
γ2;1,1,1(k1,k2,k3) = 9a
4H4Ω3mβ
2k2
×
{
6β22(a
2m2 + k22)(2a
2m2 + k21 + k
2)
−3a2ββ2κ3(4a2m2 + k21 + 2k22 + k2)
+β [3a4βκ23 − a2βκ4(a2m2 + |k2 + k3|2)
+β3(a
2m2 + |k2 + k3|2)(4a2m2 + 3k21 + k2)]
}
×
{
2c4(a2m2 + k21)(a
2m2 + k22)(a
2m2 + k23)
×(a2m2 + |k2 + k3|2)(a2m2 + k2)
}−1
. (79)
2. One-loop matter power spectrum
From the equation of motion (67) we can now compute
the matter density power spectrum up to the required
order in perturbation theory. In this paper, we only go
up to third order in the fields, which corresponds to one-
loop diagrams.
Thus, as in the standard perturbation theory, we look
for a solution of the nonlinear equation of motion (67) as
a perturbative expansion in powers of the linear growing
mode ψL,
ψ(x) =
∞∑
n=1
ψ(n)(x), with ψ(n) ∝ ψnL. (80)
At linear order, the equation of motion (67) becomes
O·ψ˜L = 0 and we obtain two linear growing and decaying
modes, D±(k, η), which are solutions of
∂2D
∂η2
+
1− 3wΩde
2
∂D
∂η
− 3
2
Ωm(1 + ǫ)D = 0. (81)
Because at early times we recover the Einstein-de Sit-
ter universe (the dark energy component also becomes
negligible) we have the usual behaviors:
t→ 0 : D+ → a = eη, D− ∝ a−3/2 = e−3η/2. (82)
However, at finite redshift, because of the k-dependent
factor ǫ(k, η), the linear modes D±(k, η) now depend on
the wave numbers k. In any case, assuming as usual that
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the decaying mode has had time to become negligible we
can write the first-order solution as
ψ˜(1) = ψ˜L = δ˜L0(k)
(
D+(k, η)
∂D+
∂η (k, η)
)
. (83)
Hence the initial conditions are fully defined by the lin-
ear density field δ˜L0(k). We refer the reader to [39] for
a detailed analysis of the linear growing and decaying
modes.
Next, to compute the higher orders ψ(n) by recursion
from Eq.(67), we introduce the retarded Green function
RL of the linear operator O, also called the linear prop-
agator or response function, which obeys:
O(x, x′) · RL(x′, x′′) = δD(x− x′′), (84)
η1 < η2 : RL(x1, x2) = 0, (85)
and reads as
RL(x1, x2) =
Θ(η1 − η2) δD(k1 − k2)
D′+2D−2 −D+2D′−2
×

D′+2D−1−D′−2D+1 D−2D+1−D+2D−1
D′+2D
′
−1−D′−2D′+1 D−2D′+1−D+2D′−1

(86)
It involves both the linear growing and decaying modes,
D+ and D−, and Θ(η1 − η2) is the Heaviside function,
which ensures causality. Then, from Eq.(67) we obtain
at second and third order
ψ˜(2) = RL ·Ks2 · ψ˜(1)ψ˜(1), (87)
ψ˜(3) = 2RL ·Ks2 · ψ˜(2)ψ˜(1) +RL ·Ks3 · ψ˜(1)ψ˜(1)ψ˜(1). (88)
We show the diagrams associated with Eqs.(83), (87),
and (88) in Fig. 1. The last diagram, associated with
the last term in Eq.(88), does not appear in the standard
Λ-CDM case. It is due to the vertex γs2;1,1,1 associated
with the term of order (δρ)3 of the nonlinear modified
gravitational potential Ψ.
Then, the two-point correlation C2 of the field ψ reads
up to order ψ4L as
C2(x1, x2) ≡ 〈ψ˜(x1)ψ˜(x2)〉
= 〈ψ˜(1)ψ˜(1)〉+ 〈ψ˜(2)ψ˜(2)〉+ 〈ψ˜(3)ψ˜(1)〉
+〈ψ˜(1)ψ˜(3)〉+ .. (89)
Defining the equal-time matter density power spectrum
as
〈δ˜(k1, η)δ˜(k2, η)〉 = δD(k1 + k2) P (k1, η), (90)
substituting the expressions (83), (87), and (88) into
Eq.(89) and using Wick’s theorem, we obtain up to order
P 2L,
P (k) = Ptree(k) + P1loop(k), (91)
+
= =
(1) (2)
(3)
ψ ψ
ψ 2=
FIG. 1: Diagrammatic expansion of the field ψ˜ up to third
order, as in Eqs.(83), (87), and (88). The white circles are
the linear solution ψ˜L, the black dots are the vertices K
s
n,
and the lines with an arrow are the retarded propagator RL,
with time increasing along the direction of the arrow.
2
31 =
P =22=treeP
P 31
Ψ
=8 6P
FIG. 2: Diagrammatic expansion of the matter density power
spectrum P (k) up to order P 2L. The black dots are the vertices
Ksn, the lines with an arrow are the retarded propagator RL,
with time increasing along the direction of the arrow, and the
lines without an arrow are the linear correlation CL.
which corresponds to the “tree” and “one-loop” diagrams
shown in Fig. 2. The tree contribution is simply the linear
power spectrum,
Ptree = PL(k), (92)
while the one-loop contribution corresponds to three di-
agrams,
P1loop = P22 + P31 + P
Ψ
31. (93)
The diagrams P22 (which arises from the average
〈ψ˜(2)ψ˜(2)〉 in Eq.(89), by gluing together two diagrams
ψ(2) of Fig. 1) and P31 (which arises from the average
〈ψ˜(3)ψ˜(1)〉 in Eq.(89), by gluing together the first diagram
ψ(3) of Fig. 1 with the diagram ψ(1)) already appear in
the Λ-CDM cosmology (but with different linear prop-
agators and vertices). The diagram PΨ31 is a new term
which arises from the second diagram ψ(3) in Fig. 1. It is
again due to the new vertex γs2;1,1,1 associated with the
term of order (δρ)3 of the nonlinear modified gravita-
tional potential Ψ. To be more explicit, the contribution
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P31 becomes
P31(k, η) = 8
∫
dk1dk2 δD(k1+k2−k)
∫ η
−∞
dη1
∫ η1
−∞
dη2
×
∑
i1,j1,m1
∑
i2,j2,m2
RL,1i1(k; η, η1)RL,j1i2(k1; η1, η2)
×CL,m1m2(k2, η1, η2)CL,1j2(k; η, η2)
×γsi1;j1m1(k1,k2; η1) γsi2;j2m2(k,−k2; η2), (94)
while the new contribution PΨ31 reads as
PΨ31(k, η) = 6
∫
dk1
∫ η
−∞
dη1RL,12(k; η, η1)CL,11(k; η, η1)
×CL,11(k1; η1, η1) γs2;1,1,1(k1,−k1,k; η1), (95)
where we focus on the equal-time power spectrum, so
that both ends of the diagrams in Fig. 2 are taken at the
same time η. Here RL,i1i2(k; η1, η2) is the linear propaga-
tor, given by Eq.(86), while CL,i1i2(k; η1, η2) is the linear
correlation, given by
CL(x1, x2) = 〈ψ˜L(x1)ψ˜L(x2)〉
= δD(k1+k2)PL0(k1)

D+1D+2 D+1D′+2
D′+1D+2 D
′
+1D
′
+2

 .(96)
Thus, Eq.(93) provides the expression of the matter
density power spectrum up to one-loop order (i.e., up to
P 2L), using Fig. 2. Apart from the new diagram P
Ψ
31, the
difference from the Λ-CDM cosmology is that the linear
propagator RL also depends on wave number while the
vertices also depend on time, through functions which
depend on the details of the modified gravity theory as
described in the previous sections. This means that it
is not possible to compute analytically the integrals over
time and the summations over indices which appear in
the diagrams. In particular, there is no factorization of
the form P1loop(k, η) = D(η)
4P1loop;0(k).
Our perturbative approach, illustrated up to one-loop
order in Fig. 2, differs from the usual computation of
the standard perturbative expansion (see [40] for the Λ-
CDM cosmology, [37] for the DGP model and [39, 41]
for modified gravity in the weak-field limit). In the
usual presentation, the expansion (80) is written as ψ˜ =∑
n F
s
n · ψ˜L..ψ˜L, in a fashion similar to Eq.(52), and the
kernels F sn are explicitly computed by substituting this
expansion into the equation of motion (67). Then, the
power spectrum is obtained as in Eq.(89). In our frame-
work we do not explicitly compute these kernels F sn [but
F s2 and F
s
3 are implicitly determined by Eqs.(87) and
(88)] and we go directly from the diagrams of Fig. 1 for
ψ to the diagrams of Fig. 2 for P (k) (the standard ap-
proach yields a different type of diagrams and there is not
always a one-to-one correspondence between these two
diagrammatic expansions, in particular for higher-order
correlations). The practical advantage of our formulation
is that the diagrams of Fig. 2 only involve two-point func-
tions, CL and RL, and the vertices γ
s. This avoids the
need to compute kernels F sn(k1, ..,kn) with an increasing
number of dependent wave numbers ki as we go to higher
orders.
A difference with the “closure method” used in [37]
for f(R) models is that we obtain explicit expressions
for the power spectrum, as in Eqs.(94) and (95), in-
stead of differential equations over time. This is because
the integration over time of the equation of motion (67)
has already been performed at the level of the expan-
sion (80), through the Green functions RL in Eqs.(87)
and (88). Another difference with the closely related
“steepest-descent” expansion described in [39] is that we
do not compute “self-energy” diagrams in intermediate
steps. (A description of different perturbative expan-
sions and diagrams may be found in [42] for the Λ-CDM
cosmology, our current approach being equivalent to the
one described in Sec.4 of that paper but with a different
derivation.)
All these perturbative approaches coincide when they
are eventually expanded up to a given order over PL.
Our approach, associated with Figs. 1 and 2, is simple
(no more complex than the standard perturbative ex-
pansion) and convenient for numerical computations (it
only involves the linear two-point functions RL and CL
and the bare vertices γs). In particular, it can be readily
applied to any equation of motion of the form (67), what-
ever the dependence on the index, scale, or time, and the
order of the new vertices γs. This would hold for any
modified gravity model with the quasistatic approxima-
tion, where the new degree of freedom can be written in
terms of the density and velocity fields.
If the quasistatic approximation is not valid, one can
still use the perturbative approach described in this sec-
tion. However, instead of first looking for an expansion
in δρ for the modified gravitational potential Ψ, we ex-
tend the doublet (63) to a triplet (δ,−(∇·v)/a˙, δϕ/MPl)
and we treat on the same footing the density and velocity
fields and the new scalar field δϕ (the modified gravita-
tional potential Ψ being written in terms of both δρ and
δϕ).
C. Numerical results
1. f(R) theories
We show in Fig. 3 the relative deviation from Λ-CDM
of the matter power spectrum obtained in f(R) theories
at z = 0, using perturbation theory. The triangles corre-
spond to the “no-chameleon” simulations of [25], where
the constraint equation (3) is linearized in δR. This
corresponds to truncating the expansions (49) and (52)
at the first order, n = 1, and to discard the new ver-
tices γs2;1,..,1 in Eq.(67), so that the only modification
from Λ-CDM enters through the factor ǫ in the matrix O
of Eq.(68). The squares are the fully nonlinear simula-
tions of [25], where the constraint equation (3) is exactly
solved. Because of the “chameleon” effect, which only ap-
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FIG. 3: Relative deviation from Λ-CDM of the power spec-
trum in f(R) theories, at redshift z = 0, for n = 1 and
fR0 = −10
−4,−10−5, and −10−6. In each case, the trian-
gles and the squares are the results of the “no-chameleon” and
“with-chameleon” simulations from [25], respectively. We plot
the relative deviation of the linear power (solid line), of the
one-loop power without “chameleon” effect (γs2;1,1 = γ
s
2;1,1,1 =
0) (dashed line), and with lowest-order “chameleon” effect
(γs2;1,1 6= 0, γ
s
2;1,1,1 = 0) (dotted line).
pears through the nonlinear terms of Eq.(3), the squares
lie somewhat below the triangles in Fig. 3, for the same
value of fR0 . As is well known, this effect is somewhat
larger for lower values of |fR0 |.
The solid lines are the relative difference of the linear
power spectra, (PL−PL,ΛCDM)/PL,ΛCDM. By definition,
this can only include the effect of the factor ǫ in the
matrix O of Eq.(68). We can check that this recovers the
deviation of the full nonlinear power spectrum measured
in the simulations on large scales, k ≤ 0.1hMpc−1.
The dashed lines are the relative difference
of the one-loop power spectra, (Ptree+1loop −
Ptree+1loop,ΛCDM)/Ptree+1loop,ΛCDM, when we only
take into account the factor ǫ for the modification of
gravity, as in the “no-chameleon” simulations. In terms
of the relative deviation of the matter power spectrum,
this does not significantly improve the range of validity
of the predictions as compared to linear theory (and
fares worse at k > 0.2hMpc−1).
The dotted lines are the relative difference of the
one-loop power spectra when we also take into account
the first nonlinear vertex γs2;1,1 associated with modi-
fied gravity. This corresponds to truncating the modified
gravitational potential (52) at second order (δρ)2 and ne-
glecting the new contribution PΨ31 in Fig. 2. As expected,
we can see the first clue of the chameleon effect and the
one-loop power spectrum becomes closer to its Λ-CDM
counterpart, in agreement with the trend shown by the
simulations. This extends somewhat the range of validity
of the predictions (in terms of the relative deviation for
P (k)), up to k ∼ 0.2hMpc−1. These results agree with
[37].
We have also computed the results obtained at one-
loop order when we go up to order (δρ)3 for the modified
gravitational potential (52), that is, when we take into
account the new diagram PΨ31 in Fig. 2. It happens that
for these models the curves would not be distinguish-
able from the dotted lines in Fig. 3 (hence they are not
plotted in the figure). Thus, for f(R) theories the new
contribution PΨ31 is negligible.
2. Scalar-tensor models
We show our results for dilaton models in Fig. 4, for
the power spectrum up to one-loop order. Here the simu-
lations include the “screening” effect to all orders, as they
exactly solve the Klein-Gordon equation (14) (in contrast
with the f(R) theories, here we do not have simulation
results which follow the nonlinear evolution of the den-
sity field while keeping the Klein-Gordon equation at the
linear order in δϕ).
Let us describe our results for the case “A1”: four lower
lines and symbols in the upper panel. The solid line is
again the relative deviation from Λ-CDM for the linear
power spectra and it only matches the simulations on
very large linear scales, k < 0.1hMpc−1. The other three
lines are the relative deviations of the one-loop power
spectrum when we take into account the effect of modi-
fied gravity on the gravitational potential Ψ up to first,
second, and third order over δρ.
The dashed line corresponds to truncation at first or-
der (i.e., only the factor ǫ is taken into account in the
equation of motion (67)), which implies that no screen-
ing occurs. The location with respect to the linear curve
depends on the model, because the two curves correspond
to different quantities (linear or one-loop power spectra).
The dotted line takes into account the term of order
(δρ)2 in the modified potential, that is, the new vertex
γs2;11. This nonlinearity corresponds to the lowest or-
der of the screening mechanism and as we can see in
the figure it yields a power spectrum which becomes
closer to the Λ-CDM one, as compared to the previous
dashed line. In the case of model A1 this even leads to
a power spectrum which is smaller than the Λ-CDM one
for k ≃ 0.15hMpc−1. In fact, a numerical computation of
the spherical collapse using the equation of motion trun-
cated at this order for the modified potential Ψ shows
that the collapse is slowed down and even stops before
reaching very high densities. Indeed, whereas the term of
order δρ associated to the modification of the potential
Ψ speeds up the collapse (like a scale-dependent amplifi-
cation of the Newton constant), the term of order (δρ)2
shows the first sign of the convergence back to General
Relativity in dense environments and corresponds to a
slowing down. If we truncate at this order, as densities
become large this quadratic term may become dominant
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FIG. 4: Relative deviation from Λ-CDM of the power spec-
trum in dilaton models, at redshift z = 0, for models of type
A (upper panel, A1, A2, A3 from bottom to top) and type
B (lower panel, B1, B3, B4, from bottom to top). The sym-
bols are the results for the fully nonlinear power spectrum
from the simulations in [34]. We plot the relative deviation
of the linear power (solid line), of the one-loop power with-
out “screening” effect (γs2;1,1 = γ
s
2;1,1,1 = 0) (dashed line),
with lowest-order “screening” effect (γs2;1,1 6= 0, γ
s
2;1,1,1 = 0)
(dotted line), and with third-order in δρ “screening” effect
(γs2;1,1 6= 0, γ
s
2;1,1,1 6= 0) (dot-dashed line).
and halt the collapse. Of course, in the truly nonlinear
dynamics higher orders come into play at this stage and
ensure that we actually recover the Newtonian force.
Next, the dot-dashed line includes in addition the term
of order (δρ)3 of the modified potential Ψ, that is, the
new vertex γs2;111 and the new diagram P
Ψ
31 in Fig. 2. As
could be expected from the discussion above, this higher-
order term partly corrects the “over-screening” associ-
ated with the previous term of order (δρ)2 and we obtain
a result which is slightly above the previous one and in
better agreement with the simulations. This shows the
gradual convergence of the results as higher orders of
the screening mechanism are included, over large pertur-
bative scales (but as for the Λ-CDM case the standard
perturbation theory in powers of ψ˜L is not expected to
converge very well). Thus, in contrast with the f(R) the-
ories shown in Fig. 3, it appears that the new diagram
PΨ31 cannot be neglected and significantly improves the
results. This again extends the validity of the predic-
tions up to k ∼ 0.2hMpc−1 at z = 0. We do not plot
the models C and D here because their deviation from
Λ-CDM is very small on these scales and they show the
same behaviors.
We show our perturbative results for the symmetron
models in Fig. 5, using the same line styles as in Fig. 4.
Again, at one-loop order, including the quadratic term
in (δρ) gives a first screening correction, with a decrease
of the one-loop power spectrum with respect to the one
obtained when we only take into account the linear fac-
tor ǫ, whereas the next cubic term in (δρ) partly corrects
this screening. This works best for the cases A1, A4,
B1, B3, and B4, where these successive orders seem to
converge, in the sense that the results obtained with the
three new factors ǫ, γs2;1,1, and γ
s
2;1,1,1, lie in-between the
curves obtained with only ǫ (no screening) and only ǫ
and γs2;1,1 (over-screening). There, although we tend to
overestimate the deviation from Λ-CDM, there is a rea-
sonable agreement with simulations on very large scales
(but not as good as for the dilaton models). For the
models A2, A3, and B2, we find on the contrary that
the results obtained with the three new factors ǫ, γs2;1,1,
and γs2;1,1,1, lie above the curves obtained with only ǫ
(no screening). This means that, at this order, the ex-
pansion in δρ of the screening mechanism has not yet
started to converge. As could be expected, these cases
are those with the lowest values for the exponents {nˆ, mˆ},
see Table II, whence the most singular functions β(a)
and m(a) from Eqs.(32)-(33). Then, their higher-order
derivatives βn and κn diverge faster for a → as and the
perturbative expansion (55) of the Klein-Gordon equa-
tion shows a smaller range of validity. More generally,
the symmetron scenario is associated with a phase tran-
sition, from a single-well potential Veff = V +ρ(A−1) for
a < as (i.e., for high densities), to a double-well poten-
tial for a > as (i.e., for low densities). Then, it is clear
that perturbative approaches, which are best suited for
cases where the background is at the unique minimum
of a deep and isolated potential well, cannot handle very
well epochs close to the transition time.
Therefore, the validity of the perturbative approach
depends on the modified gravity scenarios. Among the
three models studied in this paper, the most favorable
case is the f(R) theory, where (at one-loop order) the
screening mechanism converges very fast and the mod-
ified potential Ψ can be truncated at quadratic order
(δρ)2.
The dilaton model remains within reach of this pertur-
bative approach, as the expansion in δρ of the screening
converges (at this order) and we find a gradual improve-
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FIG. 5: Relative deviation from Λ-CDM of the power spec-
trum in symmetron models, at redshift z = 0, for models of
type A (upper panel, A1: squares, A2: circles, A3: triangles,
A4: stars, which almost coincide with the squares) and type
B (lower panel, B1: squares, B2: circles, B3: triangles, B4:
stars). The symbols are the results for the fully nonlinear
power spectrum from the simulations in [34]. We plot the
relative deviation of the linear power (solid line), of the one-
loop power without “screening” effect (γs2;1,1 = γ
s
2;1,1,1 = 0)
(dashed line), with lowest-order “screening” effect (γs2;1,1 6= 0,
γs2;1,1,1 = 0) (dotted line), and with third-order in δρ “screen-
ing” effect (γs2;1,1 6= 0, γ
s
2;1,1,1 6= 0) (dot-dashed line).
ment as we go from first to third order in δρ for Ψ, with
a good match to simulations at this order over the scales
described by one-loop standard perturbation theory.
The symmetron model is the most difficult case, be-
cause of the singularity of the potentials and the coupling
functions near the transition as, which limits the valid-
ity of a perturbative approach. Then, depending on the
value of the parameters of the model, the expansion may
have started to converge or not at order (δρ)3.
In any case, these results show that it is important to
take into account nonlinear effects of the modified grav-
ity model. This allows one to extend somewhat the lin-
ear regime, which is limited to very large scales where
the deviations from Λ-CDM are very small, by going
to one-loop (or higher) order and including the first ef-
fects of screening mechanisms. By comparing the results
obtained at different orders, one may also estimate the
range of validity of the perturbative expansion, although
a more direct and reliable approach is to compare the
perturbative and nonperturbative contributions within a
halo-model framework as described in Sec. VC below.
One drawback is that in a fully general parametrization
of modified gravity, where for instance one considers all
possible operators or degrees of freedom at a given order
[20–22], the number of combinations increases at higher
order and most works have focused on the linear regime.
Therefore, it remains useful to consider specific but still
rather broad classes of models, such as the f(R) and
scalar-tensor models studied in this paper. Indeed, us-
ing for instance the tomographic approach described in
Sec. II, which also applies to the fully nonlinear spherical
collapse described in the next section, the model is fully
defined at the nonlinear level. This allows us to compute
the power spectrum on a broad range of scales, as shown
in Sec. V below, and to go beyond linear theory, which
has a rather limited application.
IV. SPHERICAL COLLAPSE
To go beyond the large scales described by one-loop
standard perturbation theory, we wish to combine the
perturbative expansion described in the previous section
with a halo model. This requires a description of the halo
mass function and density profiles. Unfortunately, even
for the Λ-CDM cosmology, there is no well-controlled
modelization of the low-mass tail of the halo mass func-
tion and of the halo density profiles. Therefore, as in
[39] we only include the effects of modified gravity on the
large-mass tail of the halo mass function, which must fall
as e−δ
2
L/(2σ
2
M ), where σ2M is the linear density variance at
mass M and δL is the linear density threshold required
to reach a given nonlinear density contrast, which we
take as 200 to define virialized halos. This property de-
rives from the Gaussian initial conditions and this rare-
event tail is governed by spherical density fluctuations
(because we define halos by a spherical overdensity crite-
rion). Therefore, to compute the linear threshold δL(M)
we first study the spherical dynamics in this section.
A. Spherical dynamics
If the initial conditions are spherically symmetric, the
equation of motion of the physical radius r(t) of a given
particle reads as usual as
r¨ = −∂Ψ
∂r
= −∂ΨN
∂r
− ∂ΨA
∂r
, (97)
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where as in Eq.(12) we split the modified gravitational
potential as Ψ = ΨN+ΨA and ΨN is the Newtonian po-
tential given by the first equation in (13) (for the f(R)
theories we also define ΨA ≡ Ψ − ΨN). Introducing the
comoving Lagrangian coordinate q of each shell, which
would enclose the same initial mass M in a uniform uni-
verse, and its normalized radius y(t),
y(t) =
r(t)
a(t)q
with q =
(
3M
4πρ0
)1/3
, y(t=0) = 1,
(98)
we obtain the equation of motion
∂2y
∂η2
+
1−3wΩde
2
∂y
∂η
+
Ωm
2
(y−3−1)y = −3Ωmy
8πGρr
∂ΨA
∂r
.
(99)
This equation gives the evolution with time of the field
y(q, η), and because the fifth force −∂ΨA/∂r usually de-
pends on the shape of the density profile we must simul-
taneously follow the dynamics of all shells, 0 < q <∞.
In Eq.(99), to write the contribution associated with
the Newtonian potential as Ωm(y
−3− 1)y/2, we have as-
sumed that the mass within the shell q is constant. In
principle, it would be possible to write the spherical dy-
namics without using this assumption, by following the
crossings of different shells. However, it would be very
time-consuming to follow the fast oscillations of the inner
shells and not sufficient to reach a high accuracy because
in these collapsed regions a strong radial orbit instabil-
ity develops and leads to virialization (the dynamics are
singular and infinitesimal deviations from spherical sym-
metry are amplified up to the magnitude of the radial
motions [43]).
To bypass this problem and the need to compute the
motion of all shells, we follow [39] and we simplify the
equation of motion (99) by focusing on the shell associ-
ated with the mass M of interest and using an ansatz
for the shape of the density profile. In other words, for
a given mass M , we follow the dynamics of the radius
rM (t) which contains this mass M , using Eq.(99) as the
equation of motion for yM (t). However, in contrast to the
Λ-CDM case, the fifth force cannot be written in terms of
yM only, because it depends on the shape of the profile,
and to compute the right-hand side in Eq.(99) we use the
density profile ansatz
δ(x) =
δM
σ2xM
∫
VM
dx′
VM
ξL(x,x
′) (100)
=
δM
σ2xM
∫ ∞
0
dk 4πk2PL(k)W˜ (kxM )
sin(kx)
kx
.(101)
Here ξL is the linear density correlation function, σ
2
xM
the variance of the linear density contrast at the comov-
ing radius xM , which defines the sphere of volume VM ,
δM = y
−3
M −1 the nonlinear density contrast at radius xM ,
and W˜ (kxM ) = 3[sin(kxM )−kxM cos(kxM )]/(kxM )3 the
Fourier transform of the top hat of radius xM . By defi-
nition, this profile is normalized so that the density con-
trast within radius xM is equal to δM . It is also the
typical profile of rare events in the linear regime [43, 44],
and governs the large-mass tail of the halo mass function
[45] (when we neglect the nonlinear distortion of the pro-
file). As recalled above, this procedure only applies until
the nonlinear density contrast reaches about 200, because
at higher densities shell crossings modify the Newtonian
force itself.
This approximation transforms Eq.(99) into an ordi-
nary differential equation for yM (t), and this defines a
function δM = FM [δL] which maps the linear density
contrast δL (which defines the initial amplitude of the
density fluctuation) to the nonlinear density contrast δM .
In contrast with the Λ-CDM cosmology, this function FM
now depends on the mass M because of the scale depen-
dence of the fifth force. Next, we can invert this function
to obtain the linear density contrast, δL = F−1M (δ), as-
sociated with a given nonlinear threshold δ. In particu-
lar, defining as in [39, 45] virialized halos by a nonlinear
density threshold of 200, we obtain the associated linear
threshold δL(M) = F−1M (200). This function describes
how the formation of massive halos is made easier by the
fifth force, as a smaller linear threshold δL is required as
compared to the Λ-CDM case. We describe below our
results for this characteristic function for f(R) theories
and scalar-field models.
B. f(R) theories
In the case of f(R) theories, the fifth force potential
reads from Eq.(2) as
∇2xΨA =
4πG
3
ρa2 δ − a
2
6
δR. (102)
Introducing the normalized fluctuation α(x) of the Ricci
scalar,
δR = 8πGρα(x), (103)
we obtain in spherical symmetry
∂ΨA
∂x
=
4πGρa2
3x2
∫ x
0
dx′ x′2 (δ − α), (104)
where as usual x = r/a is the comoving coordinate.
Then, Eq.(99) writes as
d2yM
dη2
+
1−3wΩde
2
dyM
dη
+
Ωm
2
(y−3M −1)yM =
−ΩmyM
2
∫ xM
0
dx x2
x3M
(δ − α), (105)
where we focus on the shell associated with a given mass
M . On the other hand, the field R(x) (whence α(x)) is
given by the constraint equation (3). In spherical sym-
metry, for the power-law models (1), this yields,
d2α
dx2
+
2
x
dα
dx
− (n+ 2)Ωm0
Ωm0(1 + α) + 4ΩΛ0a−3
(
dα
dx
)2
=
a2m20
(
Ωm0a
−3(1 + α) + 4ΩΛ0
Ωm0 + 4ΩΛ0
)n+2
(α − δ), (106)
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FIG. 6: Linear density threshold δL(M), associated with a
nonlinear density contrast δ = 200, for f(R) theories at z = 0.
The dotted lines (w.f.) correspond to the weak-field limit
(108) and the solid lines (n.l.) to the fully nonlinear constraint
(106).
with
m0 =
H0
c
√
Ωm0 + 4ΩΛ0
(n+ 1)|fR0 |
. (107)
Thus, to compute the spherical dynamics we numerically
solve Eqs.(105) and (106). At each time step we solve the
constraint equation (106), using a multigrid relaxation
algorithm and the density profile (101), normalized by δM
at radius xM , and we advance over time with Eq.(105).
It is interesting to consider the “weak-field” regime,
which has been studied in many previous works [25, 39],
where the constraint equations (3) or (106) are linearized
in δR or α. This gives in Fourier space the weak-field
expressions
α˜w.f. =
a2m2
a2m2 + k2
δ˜, Ψ˜A,w.f. = ǫ(k)Ψ˜N, (108)
where ǫ(k) was given in Eq.(74).
Equation (106) is nonlinear and clearly shows the
“chameleon” mechanism which ensures convergence to
General Relativity in dense environments. Indeed, the
term (α − δ) tends to make α converge to δ, so that
the fifth force vanishes as seen in Eqs.(104) and (105)
This happens on large scales, where the spatial deriva-
tives in Eq.(106) can be neglected, which corresponds to
k → 0 in the weak-field expression (108), and in very
dense regions, where both α and δ are large. This latter
chameleon mechanism cannot be seen in the linearized
solution (108) and is due to the nonlinear character of
Eq.(106). For large α and δ, the left-hand side scales
linearly with α whereas the right-hand side scales as
αn+3, so that in sufficiently dense environments we re-
cover α ≃ δ, up to corrections of order δ−n−1.
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FIG. 7: Radial profile of the nonlinear density contrast δ(x)
(upper black dashed line), and of the field α(x), using the
weak-field approximation (108) (αw.f., dotted lines), or the
nonlinear solution of Eq.(106) (αn.l., solid lines). We consider
the halo masses M = 1014h−1M⊙ (upper panel) and M =
1011h−1M⊙ (lower panel), at z = 0.
We show in Fig. 6 the linear density contrast δL(M)
that we obtain at z = 0, as a function of the halo
mass. Because of the fifth force on the right-hand side in
Eq.(105), the collapse is accelerated as compared to the
Λ-CDM case, and increasingly so for higher |fR0 | and
lower masses (whereas on large scales, we recover Gen-
eral Relativity as ǫ(k) → 0 for k → 0). This leads to
a linear threshold δL, at fixed nonlinear density contrast
δ = 200, which is lower than in the Λ-CDM case and
decreases at low mass.
We can check in Fig. 6 that the “chameleon” effect,
associated with the nonlinearity of the constraint (4) or
(106), decreases the deviation from Λ-CDM, as compared
to the result which would be obtained using the weak-
field expression (108). This is most important on inter-
mediate mass scales, where nonlinearities overcome spa-
tial gradients and the field α(x) can follow the matter
density field.
This chameleon effect is displayed in Fig. 7, where we
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FIG. 8: Ratio FA/FN of the fifth force to the Newtonian
force, for f(R) models at z = 0. The dashed lines are for
a halo mass M = 1011h−1M⊙ and the solid lines for M =
1014h−1M⊙. For both masses, we plot our results for the
cases fR0 = −10
−4,−10−5, and −10−6, from top to bottom.
show the radial profiles of the density contrast δ(x) and
of the field α(x), using either the weak-field approxima-
tion (108) or the nonlinear solution of (106). At large
radii, we always have α ≃ δ ≃ 0 and the fifth force in
Eq.(105) vanishes. At small radii, because of the factor
k2 in Eq.(108), associated with the spatial derivatives in
Eq.(106), the weak-field approximation αw.f. cannot com-
pletely follow the rise of the density profile and (δ−αw.f.)
grows. This gives rise to the fifth force in Eq.(105) and
to the departure from the Λ-CDM linear density thresh-
old in Fig. 6. The deviation between δ and αw.f. at the
center of the halo increases for small halo masses. In-
deed, because of the Laplacian in Eq.(3), or the spatial
derivatives in Eq.(106), αw.f. cannot accommodate strong
spatial gradients and cannot follow small-scale density
fluctuations.
When we consider the exact solution of the nonlinear
Eq.(106), we can see in the upper panel of Fig. 7 that
for massive and large halos the nonlinear field α(x) can
follow the rise of the density contrast up to the halo cen-
ter, if |fR0 | is not too large. This reduces the fifth force
as compared to the weak-field approximation, in agree-
ment with Fig. 6. However, for low-mass halos and small-
size objects (at fixed density), the “cost” associated with
spatial gradients again becomes too important and α(x)
cannot follow the rise of the density field. This implies
that within the halo δ − α ≃ δ and the fifth force ac-
celerates the collapse. Moreover, in this regime the fifth
force no longer depends on α and the collapse follows the
weak-field approximation, as seen in Fig. 6.
These behaviors are illustrated in Fig. 8, where we
show the ratio FA/FN of the fifth force to the Newto-
nian force at z = 0. Although our density profiles are
different from the NFW profiles used in [46], we recover
the same features. As explained above, for the low-mass
halo we recover the weak-field limit with a fifth force
which is about one third of the Newtonian force [the
high-k limit ǫ → 1/3 of Eq.(74)], except for the case
fR0 = −10−6 where the very small modification of grav-
ity and a stronger chameleon effect yield a smaller fifth
force. For the massive halo, the chameleon effect be-
comes very important for both fR0 = −10−5 and −10−6.
This suppresses the fifth force in the high-density core,
while at large radii we recover General Relativity, and the
gravitational force is only modified at about 1h−1Mpc for
M = 1014h−1M⊙.
C. Scalar field models
In the scalar-tensor theories that we study in this pa-
per, the fifth force is given by Eq.(13),
∂ΨA
∂x
=
c2
MPl
β(ϕ)
∂ϕ
∂x
, (109)
where as in Eqs.(19) and (21) we defined β = dA/dϕ, but
the derivative is taken at the local value of ϕ instead of
the background ϕ. Nevertheless, to express the equations
in terms of the function β(a) introduced in Sec. II B 3,
we change variables from the field ϕ(x) to the field α(x)
defined by
α = a(ϕ), (110)
where a(ϕ) is the inverse of the function ϕ(a), that is,
α(x) is the scale factor which was observed when the
background value ϕ was equal to the present local value
ϕ(x). In particular, from Eq.(24) we have
dϕ
dα
=
3βαρα
c2MPlm2αα
, (111)
where we note with a subscript α the values of functions
taken at point α, such as βα = β(α), to distinguish from
the background values, such as β = β(a). Then, Eq.(99)
reads as
d2yM
dη2
+
1−3wΩde
2
dyM
dη
+
Ωm
2
(y−3M −1)yM =
−9Ωmaβ2αyM
m2αα
4xM
∂α
∂x
, (112)
where we again focus on the dynamics of the shell associ-
ated with a given mass M . On the other hand, the field
ϕ(x) (whence α(x)) is given by the quasistatic Klein-
Gordon equation (14). Using Eq.(111), this reads in
spherical symmetry as
d2α
dx2
+
2
x
dα
dx
+
[
d lnβα
dα
− 2d lnmα
dα
− 4
α
](
dα
dx
)2
=
m2αα
4
3a
[
1 + δ − a
3
α3
]
. (113)
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Then, to compute the spherical dynamics we numerically
solve Eqs.(112) and (113), using the ansatz (101) for the
shape of the density profile.
The “weak-field” limit corresponds to linearizing the
Klein-Gordon equations (14) or (113) in δϕ = ϕ − ϕ or
δα = α − a. This gives in Fourier space the weak-field
expressions
δα˜w.f. =
−a3m2
3(a2m2 + k2)
δ˜, Ψ˜A,w.f. = ǫ(k)Ψ˜N, (114)
where ǫ(k) was given in Eq.(77).
On large scales, where the fluctuations are small, we
recover the weak-field regime (114) and we converge to
General Relativity in the limit k → 0 (the spatial gradi-
ent and the factor 1/x in Eq.(112) give rise to a factor k2
as compared to the Newtonian force, which is also seen
in the factor ǫ(k) in Eq.(77)).
On small scales, a “screening” mechanism associated
with the nonlinearity of Eq.(113) again ensures that we
recover General Relativity in dense environments, where
δ → +∞. However, the details can depend on the scalar
field model.
For dilaton models, where m(a) grows at low a, the
right-hand side in Eq.(113) makes α converge to aδ−1/3,
that is, ϕ to ϕ(ρ → ρ). Indeed, in this limit of large
densities the right-hand side scales as m2αα whereas the
left-hand side only scales linearly with α. Then, the fifth
force on the right-hand side of Eq.(112) is suppressed as
compared to Newtonian gravity by a factor β2α/m
2
α.
For symmetron models with mˆ > 1/2, in dense re-
gions we have α → as and more precisely (α − as) ∼
δ−1/(2mˆ−1). Then, the fifth force on the right-hand side of
Eq.(112) is suppressed as compared to Newtonian grav-
ity by a factor δ−2nˆ/(2mˆ−1). If mˆ < 1/2 we exactly have
α = as in very dense regions (with a singular growth
at the boundary of the constant-α region of the form
(α − as) ∼ (x − xs)2/(1−2mˆ)), and the fifth force is ex-
actly zero in this domain.
We illustrate our results for some dilaton models in
Fig. 9. We can check that the fifth force accelerates the
collapse and leads to a smaller linear density threshold
δL(M), as compared to the Λ-CDM case. Again, the
nonlinearities decrease the departure from the Λ-CDM
case, as compared to the weak-field approximation (114).
In contrast with the results for f(R) theories shown in
Fig. 6, at very low mass we do not converge to the weak-
field result but to the Λ-CDM threshold. This is due to
the fact that the fifth force depends on the fields α in a
very different fashion in Eqs.(105) and (112). In the f(R)
case, a small value of α implies a fifth force which is pro-
portional to the Newtonian force and no longer depends
on the precise value of α, whereas in the scalar field case
the fifth force does not relate to the Newtonian force and
remains sensitive to the local value and slope of α(x).
Thus, as seen in the upper panel of Fig. 10, the weak-
field approximation yields larger deviations from unity
for the ratio α/a, which can become negative on small
scales, as compared to the fully nonlinear solution, which
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FIG. 9: Linear density threshold δL(M), associated with a
nonlinear density contrast δ = 200, for some dilaton models
at z = 0 (cases A1, A2, and A3 from top to bottom). The
dotted lines (w.f.) are the weak-field limit (114) and the solid
lines (n.l.) the solution to the fully nonlinear constraint (113).
is restricted to 0 < α < a (for overdense regions).
These constraints imply a smaller range for the nonlin-
ear value and slope of α, which leads to a smaller fifth
force. On very small scales, this ensures a convergence
back to General Relativity, which is thus recovered over
a broader regime than in f(R) theories. The lower panel
of Fig. 10 shows how the fifth force decreases, with re-
spect to the Newtonian force, for larger objects in the
range M > 1010h−1M⊙. At large radii it quickly de-
cays as 1/x2 as we recover General Relativity [the fac-
tors 1/xM ∂/∂x in Eq.(112) or k
2 in Eq.(77)]. Thus, as
compared to Fig. 8, the modification of gravity is more lo-
calized than in the f(R) models for low-mass halos. This
is because it depends on the local value and slope of the
new field ϕ(x), or α(x), which makes a fast convergence
to General Relativity possible, following the relaxation
of ϕ towards ϕ. In contrast, in the f(R) model, if there
is a significant modification of gravity in inner regions,
because of a nonzero value of (δ − α) in Eq.(105) in the
core, its effect at large radii decays in the same manner
as the Newtonian contribution itself (but we still recover
the Hubble flow because this Newtonian force, associated
with the overdensity with respect to the mean, also de-
cays at large distances).
We show our results for some symmetron models in
Fig. 11. The general behavior is similar to the one found
for dilaton models in Fig. 9, with a linear density thresh-
old δL(M) which is smaller than the Λ-CDM one, to-
wards which it converges at large mass. Again, the result
obtained with the exact nonlinear solution of Eq.(113)
is closer to the Λ-CDM one, as compared to the weak-
field approximation, and converges back to the Λ-CDM
threshold at very low masses (this can only be seen for
the case A3 in the figure but we checked that at smaller
mass the curves A1 and A2 show the same upturn). How-
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FIG. 10: Upper panel: Radial profile of the nonlinear density
contrast δ(x) (black dashed lines) and of the field α(x), us-
ing the weak-field approximation (114) (αw.f., dotted lines),
or the nonlinear solution of Eq.(113) (αn.l., solid lines). We
consider the halo masses M = 1013 and 1010h−1M⊙ (where
the blue curves for α/a show a smaller deviation from unity,
which also appears at a smaller scale), for the dilaton model
A3 at z = 0. Lower panel: Ratio FA/FN of the fifth force to
the Newtonian force, for the dilaton model A3 at z = 0 (with
screening effect). We show our results for the halo masses
M = 1010, 1011, 1013, and 1014h−1M⊙, from top to bottom.
ever, as compared to the dilaton models of Fig. 9, the
difference between the weak-field approximation and the
nonlinear result is much greater. In particular, at high
mass the nonlinear result quickly becomes very close to
the Λ-CDM threshold.
These features are due to the behavior of the field α(x),
illustrated in the upper panel of Fig. 12. As noticed
above, the screening mechanism is very efficient because
of the lower limit α ≥ as. For the case mˆ = 1/2 shown in
the figure, which is at the boundary between the regimes
mˆ < 1/2 and mˆ > 1/2, the field α(x) in high-density
regions is neither equal to as or above as by a factor
of order δ−1/(2mˆ−1), but becomes exponentially close as
(α−as) ∼ e−
√
δm0(L−x), where L is the radius of the high-
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FIG. 11: Linear density threshold δL(M), associated with
a nonlinear density contrast δ = 200, for some symmetron
models at z = 0 (cases A1, A2, and A3 from top to bottom).
The dotted lines (w.f.) are the weak-field limit (114) and the
solid lines (n.l.) the solution to the fully nonlinear constraint
(113).
density region. This yields a fifth force which also decays
with δ as e−
√
δm0(L−x). This behavior is reached for mas-
sive halos, where spatial gradients are small and α(x) can
follow the rise of the density contrast until it comes very
close to as. For low-mass halos, at fixed density, spatial
gradients come into play and stop α(x) before it gets very
close to as. In both cases, this greatly decreases the fifth
force as compared to the weak-field approximation.
This is also illustrated by the ratio FA/FN shown in
the lower panel of Fig. 12. The profile of the ratio FA/FN
has already been studied in [47] but in a very different
regime as they considered a symmetry breaking scale fac-
tor as = 1. In such a case, at z > 0 there is no deviation
from Λ-CDM at all orders of perturbation theory (be-
cause ϕ = 0 is the single minimum of the effective poten-
tial over a finite range of densities around the background
ρ) nor for the spherical collapse of the overdensity (101),
which is typically overdense at all radii. In [47] they
still find a nonzero fifth force because they consider iso-
lated NFW density profiles, with the boundary condition
ρ→ 0 at x→∞, whereas our profile (101) satisfies ρ→ ρ
at large distances, which is more realistic in the early
stages of the collapse. Nevertheless, these remarks again
show that symmetron models with as ∼ 1 are difficult to
describe by analytical means, because they involve two
different phases. An accurate treatment would require a
specific method which explicitly takes into account these
two phases but we do not consider it in this paper as we
wish to investigate the general method which applies to
generic modified gravity models.
In our case, where as < 1, for low-mass halos we re-
cover a behavior which is similar to the one obtained
for dilaton models in Fig. 10, because the field ϕ(x),
or α(x), only probes its regular domain. For high-mass
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FIG. 12: Upper panel: Radial profile of the nonlinear density
contrast δ(x) (black dashed lines) and of the field α(x), us-
ing the weak-field approximation (114) (αw.f., dotted lines),
or the nonlinear solution of Eq.(113) (αn.l., solid lines). We
consider the halo masses M = 1013 and 1010h−1M⊙ (where
the blue curves for α/a show a smaller deviation from unity,
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model A3 at z = 0. Lower panel: Ratio FA/FN of the fifth
force to the Newtonian force, for the symmetron model A3
at z = 0 (with screening effect). We show our results for the
halo masses M = 1010, 1011, 1013, and 1014h−1M⊙, from top
to bottom.
halos, there is enough room (spatial gradients are less
constraining) for the field ϕ(x) to depart from the back-
ground value ϕ and to come close to the singular limit
ϕ(as) (i.e., α = as). This leads to an almost constant
field α(x) ≃ as in the core and a vanishing fifth force,
as seen by the sharp decay at small radii in the two
cases M = 1013 and 1014h−1M⊙. In the latter case,
this gives rise to a localized fifth force at the boundary of
the constant-α region, whereas we always recover as for
the dilaton models the 1/x2 decay at large radii. In this
case, the symmetron shows features similar to the original
chameleon model where a “thin shell” entirely responsi-
ble for modified gravity develops close to the surface of
the body. It is likely that this sharp feature is unstable
with respect to deviations from spherical symmetry or
gives rise to small-scale perturbations and shell crossings
at this radius. This suggests that in such singular mod-
els the collapse may be significantly modified in localized
regions and that the spherical dynamics may not be as
efficient as in the Λ-CDM cosmology to understand the
formation of massive halos.
Thus, we obtain for the spherical collapse of overden-
sities up to δ = 200 the same trends as those found in
Sec. III C in the perturbative regime. The effects of non-
linearities (associated with the chameleon mechanism)
are moderate for the f(R) theories, somewhat greater
for the dilaton models, and very large for the symmetron
models. Then, deviations from the Λ-CDM dynamics in-
crease at a qualitative level as we go from f(R) theories
to dilaton models, and next to symmetron models.
V. MATTER POWER SPECTRUM
We have seen in Sec. III that standard one-loop per-
turbation theory does not allow us to go far in the non-
linear regime, where most of the departure from General
Relativity occurs for the models that we consider in this
paper. Therefore, we need a model which applies to a
broader range of scales. In this paper, we use the model
developed in [27], which combines perturbation theory
with halo models to provide the matter power spectrum
from large linear scales down to small highly nonlinear
scales (see the appendix for details). As in usual halo
models, it splits the matter power spectrum as
P (k) = P1H(k) + P2H(k), (115)
where P1H is the contribution associated with pairs of
particles which belong to the same halo, whereas P2H is
the contribution associated with pairs of particles which
belong to two different halos.
Then, the first contribution reads as
P1H(k) =
∫ ∞
0
dν
ν
f(ν)
M
ρ(2π)3
(
u˜M (k)− W˜ (kqM )
)2
,
(116)
where u˜M (k) is the normalized Fourier transform of the
halo radial profile, W˜ (kqM ) is the normalized Fourier
transform of the top hat of radius qM , and f(ν) is the
normalized halo mass function, defined as
n(M)
dM
M
=
ρ
M
f(ν)
dν
ν
, with ν =
δL(M)
σ(M)
. (117)
Here σ(M) is the root mean square of the linear den-
sity contrast at scale M and δL = F−1M (200) is the lin-
ear density contrast associated with the nonlinear density
threshold which defines collapsed halos, which we choose
to be 200. As described in Sec. IV, δL(M) depends on
the mass because of the scale dependence introduced by
the modifications to gravity, and it is lower than the lin-
ear density threshold obtained in the Λ-CDM case. This
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helps the formation of massive halos and increases the
one-halo contribution (116). In numerical computations,
we use for f(ν) the fit from [45], which has been shown to
match numerical simulations while obeying the asymp-
totic large-mass tail f(ν) ∼ e−ν2/2 [43]. For the halo
profiles, we choose the usual NFW profile [48] and the
mass-concentration relation from [27]. This means that
we neglect the impact of modified gravity on the halo
profiles and we only take into account its effect on the
density threshold δL(M).
Next, the two-halo contribution becomes
P2H(k) =
∫
d∆q
(2π)3
F2H(∆q) 〈eik·∆x〉vir∆q
1
1 +A1
× e− 12k2(1−µ2)σ2⊥
{
e
−ϕ‖(−ikµ∆q σ2κ‖ )/σ
2
κ‖ +A1
+
∫ 0++i∞
0+−i∞
dy
2πi
e
−ϕ‖(y)/σ2κ‖
(
1
y
− 1
y+ikµ∆q σ2κ‖
)}
.
(118)
Let us briefly explain the derivation of Eq.(118) (see the
appendix too). It is based on the exact expression [49,
50],
P (k) =
∫
d∆q
(2π)3
〈eik·∆x − eik·∆q〉, (119)
which relates the matter power spectrum to the statistics
of the Eulerian separation, ∆x = x2−x1, of pairs of par-
ticles with initial Lagrangian separation ∆q = q2 − q1.
Then, the factor F2H in Eq.(118) is the probability that a
pair of separation ∆q belongs to two different halos, the
factor 〈eik·∆x〉vir∆q is the contribution to eik·∆x due to in-
ternal motions within each halo, the factor e−
1
2
k2(1−µ2)σ2⊥
is the contribution associated with large-scale motions
transverse to the initial separation ∆q (which are taken
from Lagrangian linear theory, whence the Gaussian re-
sult), and the factor e
−ϕ‖(−ikµ∆q σ2κ‖ )/σ
2
κ‖ is the contri-
bution associated with large-scale longitudinal motions.
Here σ2⊥ and σ
2
κ‖
are the variances of the transverse and
longitudinal relative displacements as given by linear the-
ory (up to normalization factors). The factor A1 (which
depends on ϕ‖) and the complex integral in the last term
arise from an adhesion-like regularization to mimic the
formation of pancakes, see [27] for details.
For our purposes, the main point is that the expression
(118) satisfies the following constraints:
(a) It has a perturbative expansion in integer powers
of PL, as in standard perturbation theory (but it also
includes some nonperturbative contributions of the form
e−1/σ
2
).
(b) It is consistent with linear theory.
(c) It is consistent with one-loop perturbation theory,
when the skewness S3 of the scale-dependent character-
istic function ϕ‖ is given by
S3(∆q) = −24π
σ4κ‖
∫ ∞
0
dk
P1loop(k)− PZ1loop(k)
(∆q)4k2
×
[
2 + cos(k∆q)− 3sin(k∆q)
k∆q
]
, (120)
where PZ1loop is the one-loop power spectrum associated
with the Zel’dovich dynamics [51] while P1loop is the true
one-loop power spectrum (thus, this is also a measure of
the deviation from the simple Zel’dovich dynamics, which
is recovered at all perturbative orders when S3 = 0). In
practice, as in [27], this is implemented by choosing for
the characteristic function ϕ‖ the ansatz
ϕ‖(y) =
1− α
α
(
1 +
y
1− α
)α
− 1− α
α
, (121)
where the scale-dependent parameter α(∆q) is given by
α(∆q) =
2− S3
1− S3 . (122)
(d) The underlying non-Gaussian probability distribu-
tion P(∆x‖) is everywhere positive, normalized to unity,
and satisfies the constraint 〈∆x‖〉 = ∆q.
(e) It is well behaved at high k, where it remains pos-
itive while becoming subdominant with respect to the
one-halo contribution.
Standard perturbation theory clearly satisfies points
(a) to (c) but not points (d) and (e). In particular, it is
well known that when truncated at a finite order it can
lead to power spectra which become unphysically large or
negative at high k. In contrast, Eq.(118) is built as a reg-
ularization of perturbation theory which always remains
consistent with some physical constraints such as point
(d), which ensures that this contribution to the matter
power spectrum remains well behaved at high k (positive
with typically a k−2 decay). Together with the one-halo
contribution (116), this provides a realistic description of
the matter power spectrum from large to small scales,
which has been compared to numerical simulations for
the Λ-CDM cosmology in [27].
This model (115) can be at once applied to the modi-
fied gravity scenarios that we consider in this paper. For
the two-halo contribution (118), we need to provide the
linear power spectrum (92) and the one-loop contribu-
tion (93), which determines the characteristic function
ϕ‖ through Eqs.(120)-(122). For the one-halo contribu-
tion (116), we need to provide the threshold δL(M), ob-
tained in Sec. IV. As compared to the Λ-CDM case, the
main new sources of inaccuracy are that we neglect the
impact of modified gravity on the low-mass slope of the
halo mass function and on the shapes of halo profiles
(whereas in the Λ-CDM case these parameters have al-
ready been fitted to numerical simulations, for instance
by choosing the NFW profile).
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FIG. 13: Relative deviation from Λ-CDM of the power spec-
trum in f(R) theories, at redshift z = 0, for n = 1 and
fR0 = −10
−4,−10−5, and −10−6. In each case, the trian-
gles and the squares are the results of the “no-chameleon”
and “with-chameleon” simulations from [25], respectively. We
plot the relative deviation of the nonlinear power power spec-
trum without chameleon effect (w.f., dotted lines) and with
chameleon effect (n.l., solid lines).
A. f(R) theories
We show our results for the deviation from Λ-CDM of
the nonlinear matter density power spectrum in Fig. 13,
for f(R) theories at z = 0. For each f(R) model, we plot
both the “no-chameleon” and “with-chameleon” cases
studied in [25] through numerical simulations.
The “no-chameleon” case corresponds to the weak-field
approximation discussed in Secs. III and IV: the con-
straint equation (3) is linearized in the fluctuation δR
of the Ricci scalar. This means that in the perturbative
approach which provides the power spectrum (91), up to
one-loop order, we only include the factor ǫ(k, η) which
modifies the linear matrix O in Eq.(68) and we neglect
the new quadratic and cubic vertices γs2;11 and γ
s
2;111.
Next, in the computation of the spherical collapse which
provides the linear density threshold δL(M), we use the
same linearization in δR, which corresponds to the weak-
field expression (108) for the fifth force. In other words,
the “no-chameleon” case corresponds to using the linear
approximation in δρ for the fifth force, i.e. truncating
the expansion (52) at n = 1, [but δρ itself is nonlinear,
in the sense of the expansion (80)].
The “with-chameleon” case corresponds to keeping the
fully nonlinear constraint equation (3). In the pertur-
bative approach at one-loop order, this means that we
include the new quadratic and cubic vertices γs2;11 and
γs2;111, in addition to the linear kernel ǫ, in the equation
of motion (67). (As noticed in Sec. III C 1, the cubic ver-
tex γs2;111 can actually be neglected at this order, but not
the quadratic vertex γs2;11.) In the spherical-collapse dy-
namics we solve the exact nonlinear constraint equation
(106).
We can see in Fig. 13 that our approach is able to re-
produce reasonably well the deviations from the Λ-CDM
power spectrum up to k ∼ 3hMpc−1. In particular, it
captures both the dependence on fR0 and the impact of
the chameleon mechanism. We do not have simulation
results on smaller scale, to which we may compare our
predictions, and the agreement may deteriorate at higher
k. Indeed, on small scales the power spectrum is sensitive
to the shape of halo profiles and their mass-concentration
relation, which are expected to be modified at some level
as compared to Λ-CDM. Then, if these changes are large
enough they cannot be neglected as in this paper, if one is
interested in small scales. On the other hand, it may be
possible to improve our modelization if one could build
a reliable model to predict such modifications to halo
profiles.
As compared with the PPF approximation introduced
in [52], which interpolates between the linear regime,
where the modification of gravity is taken into account at
the linear level without chameleon effect, and the nonlin-
ear regime where one uses the Λ-CDM prediction, our
framework does not introduce additional interpolation
parameters. Moreover, the convergence to General Rel-
ativity on smaller scales is obtained by explicitly taking
into account the chameleon mechanism (at one-loop or-
der in the perturbative regime and exactly in the spheri-
cal dynamics used in the one-halo term). Therefore, the
rate of convergence is truly governed by this nonlinear ef-
fect, which depends on the modified gravity model, rather
than by an independent parametrization which requires
some tuning (on the coefficient cnl or the function Σ
2(k)
that enter the interpolation [37, 52]).
In any case, the comparison with Fig. 3 shows that our
simple approach, which combines one-loop perturbation
theory with the halo model, is already able to go signifi-
cantly beyond the perturbative regime. Indeed, the range
of the agreement with the simulations increases from
k ∼ 0.2 to k ∼ 3hMpc−1 at least, as we go from Fig. 3 to
Fig. 13. This is especially important as most of the sig-
nal occurs on the mildly nonlinear scales k ∼ 1hMpc−1.
Moreover, smaller, highly nonlinear, scales suffer from
other sources of uncertainties, which already appear in
the Λ-CDM case, due to the inaccuracy of the halo pro-
files and concentrations, and to the impact of the baryon
physics.
B. Scalar-tensor models
We show our results for the deviation from Λ-CDM
of the nonlinear power spectrum for dilaton models at
z = 0 in Fig. 14. Although we only have results from
simulations which use the fully nonlinear Klein-Gordon
equation (14), as in Fig. 13 for the f(R) theories, we
plot both our “no-screening” and “with-screening” pre-
dictions.
Again, the “no-screening” result corresponds to trun-
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FIG. 14: Relative deviation from Λ-CDM of the power spectrum in dilaton models, at redshift z = 0. The symbols are the
results from the simulations in [34], with the full nonlinear screening effect. We plot the relative deviation of the nonlinear
power spectrum without the screening effect (dotted lines), and with the screening effect, where we only include the quadratic
vertex γs2;11 (dashed lines) or also the cubic vertex γ
s
2;111 (solid lines) in the one-loop power spectrum.
cating the expansion (52) at n = 1, that is, using the
linear approximation in δρ of the fifth force or the lin-
earized Klein-Gordon equation. This approximation is
used for both the perturbative one-loop power spectrum
and the spherical-collapse threshold δL(M).
The “with-screening” result solves the exact nonlinear
Klein-Gordon equation (113) in the spherical collapse. In
the perturbative part, we consider the results obtained
when we only include the new quadratic vertex γs2;11 (in
addition to the linear factor ǫ), or both the quadratic
and cubic vertices γs2;11 and γ
s
2;111 (higher-order vertices
do not contribute at one-loop order). Indeed, as seen in
Sec. III C 2, in contrast with the case of f(R) theories,
the cubic vertex γs2;111 is not negligible on perturbative
scales.
In agreement with the behaviors found in Sec. III C
at the perturbative level and in Sec. IV for the spheri-
cal collapse, the comparison of Fig. 14 with Fig. 13 shows
that the impact of the screening effect is greater for these
dilaton models than for the f(R) theories. This greatly
reduces the deviation of the power spectrum from the
Λ-CDM case. We can check that our approach is able
to recover this effect and to provide a reasonable match
with the numerical simulations. At high k we tend to
underestimate the deviation from Λ-CDM. This may be
due to our neglect of modifications to the halo profiles.
This discrepancy appears at a larger scale, k ∼ 1hMpc−1,
for the models C4, D3, and D4, which are those where
our model fares worse. However, they correspond to very
small deviations from the Λ-CDM power spectrum, a few
percents at k ∼ 1hMpc−1, which is at the limit of the
accuracy of our modelization and amplifies the errors as-
sociated with our approximations (such as keeping NFW
profiles). Nevertheless, even in these difficult cases we
recover the order of magnitude of the deviation from Λ-
CDM and of the screening effect. In particular, we again
significantly extend the range of validity of the analytical
predictions, as compared to the one-loop perturbative re-
sults shown in Fig. 4, from k ∼ 0.2 to k ∼ 1hMpc−1 (the
precise values depend somewhat on the dilaton model).
Although we can distinguish the effect of the cubic ver-
tex γs2;111 on weakly nonlinear scales, its impact remains
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FIG. 15: Relative deviation from Λ-CDM of the power spec-
trum in symmetron models, at redshift z = 0. The symbols
are the results from the simulations in [34], with the full non-
linear screening effect. We plot the relative deviation of the
nonlinear power spectrum without the screening effect (dotted
lines), and with the screening effect, where we only include the
quadratic vertex γs2;11 (dashed lines) or also the cubic vertex
γs2;111 (solid lines) in the one-loop power spectrum.
rather small and could be neglected in view of the overall
accuracy of our modelization.
We show our results for symmetron models in Fig. 15,
in the same fashion as in Fig. 14. As in Sec. III C 2,
we can see on perturbative scales that the screening ef-
fect has not converged yet at one-loop order for the cases
A2, A3, and to a small extent B2. Indeed, for these
cases, on large scales, whereas including the first nonlin-
ear (quadratic) vertex γs2;11 decreases the deviation from
Λ-CDM as compared to the “no-screening” prediction,
including the next (cubic) vertex γs2;111 over-corrects and
yields a larger deviation than the “no-screening” predic-
tion. This leads to an overestimation of the deviation
from Λ-CDM on perturbative scales. To improve the
modelization for these difficult cases, it may be necessary
to go beyond one-loop order in the perturbative part, and
more precisely up to the order where the screening effect
is seen to converge. In practice, this requires heavier
computations, especially since the time and space inte-
grations do not factorize (in contrast with the Λ-CDM
case where this is true up to a very good approximation).
Moreover, the perturbative expansion of the screening ef-
fect may not converge very well (for instance, because of
the singularity of the coupling functions βn(a) and κn(a)
at as).
Then, especially for the models A2 and A3 where these
effects are the largest, our model gives a spurious oscilla-
tion for ∆P (k)/P (k) at k ∼ 0.4hMpc−1 with a significant
underestimation of the signal at k > 1hMpc−1. As for
the other models, which are reasonably well reproduced
by our approach, some of this discrepancy may be due
to the changes of halo profiles. As we discuss in Sec. VC
below, this underestimation at high k for the A models
is related to the strong effect of the singular boundary
ϕ(as) on the behavior of the scalar field ϕ(x) and of the
fifth force FA noticed in Fig. 12. Then, numerical simula-
tions may be the only tool to obtain accurate predictions
for these models. Nevertheless, even for these difficult
cases our approach provides the correct order of magni-
tude of the deviation from ΛCDM and of the screening
effect for k / 1hMpc−1. For the other models, A1, A4,
B1, B3, and B4, our predictions show a reasonable agree-
ment with the simulations, up to about 1hMpc−1.
C. Two-halo and one-halo contributions
One use of semi-analytic approaches like ours is to dis-
tinguish between the different ingredients which build up
the matter power spectrum. This allows us for instance
to compare the contributions from the large-scale per-
turbative regime and those from the small-scale nonper-
turbative regime. Thus, we show in Fig. 16 the contri-
butions to the difference from the Λ-CDM power spec-
trum which arise from either the two-halo or one-halo
terms. For each model, the sum of the two curves,
∆P2H/P + ∆P1H/P = ∆P/P , gives back the results
shown in Figs. 13-15.
The contribution from the modification to the two-halo
term peaks on weakly nonlinear scales, k ∼ 0.2hMpc−1,
because on very large scales we recover General Relativity
whereas on small scales the two-halo term gives a neg-
ligible contribution to the full power spectrum. For the
same reason, the modification to the one-halo term only
plays a role on nonlinear scales, k & 0.5hMpc−1, where
the one-halo term becomes the dominant contribution
to the power spectrum. Therefore, systematic pertur-
bative expansions can only describe the modifications to
the power spectrum below k . 0.5hMpc−1 (and actually,
slightly below, because, as explained in the appendix, our
two-halo term already contains some small nonperturba-
tive contributions associated with pancake formation).
At higher k, one must rely on more phenomenological
approaches as we probe the inner shells of virialized ha-
los. This also means that the theoretical accuracy of the
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FIG. 16: Relative deviation from Λ-CDM of the power spectrum in f(R), dilaton, and symmetron models, at redshift z = 0.
For each model, we show the contribution from the modification to the two-halo term, ∆P2H/(P2H +P1H) (curves with a peak
around k ∼ 0.2hMpc−1), and the contribution from the modification to the one-halo term, ∆P1H/(P2H + P1H) (curves with a
peak around k ∼ 2hMpc−1 or which keep growing at high k). We only consider the results with the full chameleon or screening
effects.
full power spectrum is higher and better controlled for
k . 0.5hMpc−1, down to a few percent [27], than for
k & 0.5hMpc−1, where it should be about 10%. How-
ever, as seen in Sec. III C 2 and VB, this accuracy, which
holds for Λ-CDM-like cosmologies, is not reached in pe-
culiar cases such as some symmetron models because of
the screening mechanism. Indeed, we have seen that this
involves an additional expansion scheme (as compared
with Λ-CDM) which can converge more slowly than the
usual expansion in the linear density and velocity fields.
This can be the limiting factor of the perturbative ap-
proach but as shown in Sec. III C 2 this can be detected
from the comparison between different orders (i.e., as we
include successive vertices γs2;1..1).
The decomposition displayed in Fig. 16 shows that the
behavior above k & 0.5hMpc−1 is due to the one-halo
term, hence to the spherical-collapse threshold δL(M)
studied in Sec. IV, because this is the only effect that we
include in this regime. At smaller scales, k & 3hMpc−1,
we can expect modifications to the halo profiles (e.g., to
the mass-concentration relation) to come into play [27].
Nevertheless, our results already explain the behaviors
found in Figs. 13 and 14, where it is seen that in f(R)
theories with |fR0 | & 10−5 the deviation from Λ-CDM
of the power spectrum decreases with k in the range
1 < k < 5hMpc−1, whereas it is roughly constant for the
dilaton models. Indeed, as noticed in Sec. IV from the
comparison of Figs. 6 and 9, the dilaton screening mech-
anism is more efficient than the f(R) chameleon effect
(in this regime), and the linear density threshold δL(M)
is significantly lower for these f(R) models than for these
dilaton models, on mass scales 1014 < M < 1016h−1M⊙.
In particular, δL(M) converges more slowly to the Λ-
CDM threshold at large mass for the f(R) models with
|fR0 | & 10−5 than for these dilaton models. Then, be-
cause of the exponential factor e−δL(M)
2/(2σ2M ) of the
large-mass tail of the halo mass function, the deviation
from Λ-CDM of P1H(k) grows faster at lower k (which
corresponds to more massive and larger halos) in these
f(R) models. This leads to the faster increase of the de-
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viation from Λ-CDM of the full power spectrum at lower
k in the range 1 < k < 5hMpc−1, until the one-halo con-
tribution becomes subdominant at k . 0.5hMpc−1. In
contrast, for the case fR0 = −10−6 the deviation due to
the one-halo term keeps increasing with k in the range
1 < k < 5hMpc−1, because at large mass the linear
threshold δL(M) is very close to the Λ-CDM result, as
seen in Fig. 6. Thus, the behavior of the deviation from
Λ-CDM in this range of wave numbers depends on the
balance between the increased sensitivity at large mass
of the exponential factor e−δL(M)
2/(2σ2M ) and the conver-
gence to General Relativity. This cannot be predicted a
priori for a given class of models and we must evaluate
this effect by explicit computations, as in Fig. 16.
The two lower panels of Fig. 16 also explain part of
the discrepancy found for symmetron models in Fig. 15.
Indeed, we can see that the one-halo contribution seems
too small as compared to the two-halo contribution for
the “symmetron-A” models, if we compare with the
“symmetron-B” models and the f(R) and dilaton mod-
els. This is due to the very efficient screening effect no-
ticed in Figs. 11 and 12, where we found that at large
mass the linear threshold δL(M) becomes very close to
the Λ-CDM prediction. This was due to the lower bound
αs (or ϕ(as)) which diminishes the range of values of
the new degree of freedom α(x) and greatly reduces the
fifth force, as compared to the weak-field limit where
this constraint is discarded. This is not the case for
the “symmetron-B” models (in this regime) because their
phase transition takes place earlier, at as = 0.33 instead
of 0.5. This gives more room for the new degree of free-
dom α(x) within the regular domain as < α ≤ a, and
we checked that their linear threshold δL(M) is halfway
between the Λ-CDM and weak-field results. In other
words, the scalar field ϕ is not so strongly pinned down
to the singular value ϕ(as) and a significant fifth force
can appear. This explains why our one-halo contribution
is greater for the “B” models than for the “A” models in
the lower panels of Fig. 16. This also explains why we ob-
tained smooth curves in the lower panel of Fig. 15, with
a reasonable agreement with the simulations, whereas we
obtained a spurious oscillation in the upper panel with
a significant underestimation of the power spectrum at
high k. This discrepancy for the “A” models suggests
that in these cases our approach of the spherical-collapse
dynamics is not sufficient to give an accurate account of
the impact of this modified gravity on virialized objects.
It is likely that deviations from spherical symmetry and
perturbations to the radial density profile break down
the fast relaxation towards ϕ(as) observed in our very
symmetric case, because of spatial gradients. This would
increase the fifth force and explain the rise with k mea-
sured in the simulations for the deviation from Λ-CDM
of the power spectrum. Fortunately, these difficult cases
could be detected a priori from Figs. 11 and 12, by look-
ing for the cases where such singular behaviors (sticking
to a singular value) occur.
In any case, Fig. 16 shows that it remains useful to
consider modified gravity models that, even though not
fully general, are well defined at the nonlinear level while
covering a broad range of models. Indeed, to obtain re-
liable estimates of the deviations from Λ-CDM and to
assess the range of validity of these results, it is useful
to go beyond linear theory and even beyond the pertur-
bative regime. This allows us to take into account key
screening mechanisms and to estimate the relative im-
portance of different contributions, which show different
degrees of accuracy (depending on whether they derive
from systematic perturbative expansions or more phe-
nomenological halo models).
VI. CONCLUSION
In this paper, we have studied semi-analytically the
screening mechanisms which are necessary to make mod-
ified gravity models consistent with observations on small
scales. As these mechanisms rely on the nonlinearity of
the equations of motion, it is necessary to go beyond
linear theory. We have presented a general approach, us-
ing perturbation theory (which applies to large scales)
and the spherical-collapse dynamics (which allows us to
handle mildly nonlinear scales with the help of a halo
model), to tackle these effects. Our approach applies to
a large class of modified gravity scenarios, including f(R)
theories and scalar-tensor theories, such as dilaton and
symmetron models.
The new degree of freedom, as compared to the Λ-
CDM case, which may be associated with the fluctua-
tions δR of the Ricci scalar (in f(R) theories) or of the
new scalar field, δϕ, in scalar-tensor theories, gives rise
to a fifth force which can be written as a new contribu-
tion ΨA to the gravitational potential. This new field is
nonlinearly coupled to the matter density, for instance
through a Klein-Gordon equation with an effective po-
tential which depends on ρ. Fortunately, in many cases
this equation can be simplified by using the quasistatic
approximation, so that this new degree of freedom is
fully determined by the current density field (and one
does not need to keep track of the past history of the
field). We have checked that this approximation is valid
for the cases that we consider in this paper. It would
break down for very singular coupling functions [such as
β(a) ∼ (a− as)nˆ with nˆ < 0.25]. Then, the equation for
the new degree of freedom takes the form of a constraint
equation (i.e., without time derivatives) and implicitly
determines the new field, whence the fifth force, as a
nonlinear functional of the density field.
First, we have described how to compute the matter
density power spectrum within a perturbative approach.
One first solves the constraint equation for the new field
as a perturbative expansion in the nonlinear density fluc-
tuation δρ. This also yields the fifth-force potential ΨA
as a perturbative expansion in powers of δρ. Then, using
the usual single-stream approximation, which applies on
large perturbative scales, one solves the new equations
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of motion for the density and velocity fields as a second
perturbative expansion in powers of the linear density
fluctuation δL. Because the fifth force is a nonlinear,
nonpolynomial functional of the density field, the Euler
equation is no longer quadratic but contains vertices of
all orders. In this paper, we have computed the mat-
ter density power spectrum up to one-loop order, which
corresponds to third order in the fields. At this order,
only three new vertices are relevant, ǫ, γs2;11, and γ
s
2;111,
which arise from the linear, quadratic, and cubic terms
in δρ of ΨA. The linear vertex ǫ corresponds to the weak-
field limit, where we linearize in the fluctuations of the
new degree of freedom. The quadratic and cubic vertices
γs2;11 and γ
s
2;111 contain the first signs of the screening
mechanism.
Thus, for the modified gravity models that we inves-
tigate here, the quadratic vertex γs2;11 decreases the de-
viation from the Λ-CDM dynamics, as compared with
the weak-field approximation. In fact, if we use this
truncated equation of motion up to high densities, for
instance within a spherical-collapse study, we find that
this quadratic vertex even stops the collapse at finite den-
sity. The next nonlinear vertex, the cubic one γs2;111, is
a higher-order correction that somewhat diminishes the
amplitude of this screening mechanism. We have found
that for the f(R) theories, the cubic vertex can actually
be safely neglected on the perturbative scales described
by one-loop-order perturbation theory. For the dilaton
models, the cubic vertex makes a small but noticeable
correction. For the symmetron models, the situation is
less favorable and in some cases, associated with the most
singular coupling functions, the screening mechanism has
not converged yet at this order, on these large scales. In-
deed, it may happen that the cubic vertex γs2;111 over-
corrects the screening mechanism and yields a deviation
from Λ-CDM which is larger than the one obtained at
linear order. It is not obvious whether the expansion
would show a good convergence at higher orders. In all
cases, the one-loop perturbative predictions only apply
to rather large scales, k . 0.15hMpc−1 at z = 0, where
the signal is not very large.
Next, to go beyond the perturbative regime, we have
studied the spherical-collapse dynamics. More precisely,
we have focused on the linear density threshold δL(M)
that is required to reach a fixed nonlinear density con-
trast of 200, which we use to define virialized halos. Be-
cause the fifth force accelerates the collapse (in the mod-
els studied here), this threshold is lower than the Λ-CDM
prediction, especially for small or moderate masses. We
have also studied in detail the behavior of the new degree
freedom and the differences between the f(R), dilaton,
and symmetron models.
As in the perturbative regime, we find that the impact
of the screening mechanism is smallest for the f(R) the-
ories. In particular, for small halos, which correspond
to small scales at fixed density, the chameleon mecha-
nism is no longer relevant. This is because in this regime
the fifth force is not sensitive to the exact value of the
rescaled field α, which is much smaller than δ. More pre-
cisely, for small halos the density at the virial radius is
not large enough to overcome the effect of spatial gra-
dients. This prevents the chameleon mechanism from
taking place (the field cannot follow the rise of the den-
sity field) and the total gravitational force is equal to
the Newtonian force, multiplied by a factor 4/3 as in the
weak-field limit.
In the dilaton models, the screening mechanism is more
efficient and can become important again for very low-
mass halos. This is because the fifth force builds up
in a very different manner in scalar-tensor theories as
compared to f(R) models. It is no longer produced by
the integral over smaller radii of the difference between
the new field and the matter density contrast, but by
the local spatial derivative of the new field. Then, for
small objects at finite density, the new rescaled field α
again becomes small and flat (because it cannot accom-
modate gradients that are too strong), but instead of a
large fifth force this now yields a small fifth force. The
situation is similar in symmetron models, with an even
stronger screening mechanism because of the singularity
of the coupling functions, which pinpoints the new field
α (close) to the singular value as.
Finally, we have combined the perturbative expansion
with the spherical collapse dynamics to obtain a mod-
elization of the matter power spectrum from large linear
scales to mildly nonlinear scales, using a recently devel-
oped approach which uses the halo model. At this stage,
we cannot expect to describe very small, highly nonlinear
scales, because we neglect the impact of modified grav-
ity on halo shapes. We again find that our approach
fares best for f(R) theories, where it reproduces both
“no-chameleon” and “with-chameleon” simulations. This
allows us to extend the validity of semi-analytical predic-
tions up to k ∼ 3hMpc−1 at least, at z = 0. This is a sig-
nificant improvement over the linear or one-loop pertur-
bative results, which are restricted to k . 0.15hMpc−1.
For the dilaton models, the accuracy of our modeliza-
tion depends somewhat on the model, but we usually ob-
tain a reasonable agreement with simulations up to k ∼
1hMpc−1. In particular, we capture the impact of the
screening mechanism. On small scales, k > 1hMpc−1,
we tend to underestimate the power spectrum. This may
be due to our neglect of any change to the halo profiles.
The amplitude of this discrepancy worsens for models
where the deviations from Λ-CDM are small, which are
more sensitive to such approximations.
Again, the situation appears most difficult for the
symmetron models, especially in those cases where the
screening mechanism had not converged at one loop or
the spherical collapse of massive halos is governed by the
singular value ϕ(as) of the scalar field. There, our pre-
dictions can differ from the simulations by a factor of
2, in the range k ≤ 1hMpc−1. Nevertheless, we still
predict the correct order of magnitude of the deviation
of the power spectrum from the Λ-CDM one. In more
favorable cases, we obtain a reasonable agreement. For-
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tunately, the difficult cases can be detected a priori from
the bad behavior of the perturbative expansion and the
impact of the singular boundary ϕ(as), or from a spuri-
ous oscillation in the prediction for the power spectrum
(which is related to these two problems).
Therefore, we have found that it is possible to build an
efficient semi-analytical modelization of the matter den-
sity power spectrum, which takes into account the non-
linear screening mechanism, for a large class of modified
gravity theories. This is most accurate for the f(R) the-
ories, where the chameleon effect is moderate (but this
still requires a fully nonlinear analysis). This is also due
to the fact that in these theories the gravitational po-
tential remains of the same form as the Newtonian one
in the two asymptotic regimes, with a multiplicative fac-
tor of unity on large scales and of 4/3 on small scales.
This is not far from a moderately varying effective New-
ton’s constant, and we can expect the dynamics (e.g.,
halo shapes) to remain similar to the Λ-CDM ones. Our
model remains valid for scalar-tensor theories, where the
fifth force shows a very different behavior and the screen-
ing mechanism is stronger, except for some symmetron
models associated with singular coupling functions.
Such semi-analytic modelizations, which go beyond lin-
ear theory, are necessary because the linear regime is re-
stricted to very large scales where the deviations from
Λ-CDM are small. They allow us to probe a broader
range of scales, up to the mildly nonlinear regime where
the departure from Λ-CDM is largest (e.g., for some f(R)
models) or more significant (especially as smaller scales
are less reliable because of the lower accuracy of the-
oretical predictions, for instance because of the impact
of baryon physics). Moreover, we can compare the rela-
tive contributions from perturbative and nonperturbative
terms and detect features associated with phase transi-
tions as in some symmetron models. This allows one to
estimate the validity of the predictions. This is an ad-
vantage of modified gravity models that are fully defined
at the nonlinear level, while covering a broad range of
models.
In order to improve our modelization, it may be useful
to consider the impact of modified gravity on halo pro-
files. However, it is not obvious a priori how to devise
a robust analytical approach. This would probably re-
quire detailed numerical simulations, to see for instance
whether these effects may be described through a small
set of parameters or to serve as a guideline for analytical
modeling.
In order to handle the problematic cases of some sym-
metron models, where one-loop perturbation theory has
not converged yet, one should devise more efficient meth-
ods to take into account the screening mechanism. One
may either go to two-loop (or higher) order, to see
whether the expansion starts converging, or introduce
some resummation schemes which manage to accurately
describe the screening mechanism. The spherical col-
lapse itself should also be improved. An accurate treat-
ment of such models, which involve two different phases
around a critical density ρs, would probably require a
specific method that explicitly takes into account these
two phases.
Another topic would be the study of models where
the effective potential of the new scalar field shows sev-
eral degenerate minima. This could lead to interesting
features associated with topological defects. Then, one
would need to embed our approach within a more general
framework which is able to describe several domains and
the nonlinear physics at their interface. We leave these
issues for future works.
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Appendix: Combining the halo model with one-loop
perturbation theory
In this appendix we provide some more details about
the halo model and the calculation of the power spec-
trum in the nonlinear regime. In the Lagrangian-space
framework, particles and their motion are followed un-
like in the Eulerian-space approach where fields on fixed
grids, such as the velocity field, are used. Particles fol-
low trajectories x(q, t), labelled by their initial position
q, and we can write x(q, t) = q+Ψ(q, t) where Ψ is the
displacement field. At linear order, the variances of the
relative displacement ∆Ψ = Ψ2 − Ψ1 of two particles 1
and 2, in the transverse and longitudinal directions with
respect to the initial separation vector ∆q = q2−q1, are
σ2‖(∆q) = 2
∫
dk [1− cos(k‖∆q)]
k2‖
k4
PL(k), (123)
σ2⊥(∆q) = 2
∫
dk [1− cos(k‖∆q)]
k2⊥
k4
PL(k), (124)
where k⊥ is the component along one of the two trans-
verse directions. The power spectrum in the Zel’dovich
approximation is obtained by considering the displace-
ment field at linear order. For Gaussian initial condi-
tions, this yields a Gaussian distribution for the relative
displacements and, using the exact expression (119), this
leads to the power spectrum
PZ(k) =
∫
d∆q
(2π)3
eikµ∆q−
1
2
k2µ2σ2‖− 12k2(1−µ2)σ2⊥ , (125)
where µ = (k ·∆q)/(k∆q). By expanding up to second
order in PL and defining P
Z(k) = PL(k)+P
Z
1loop(k)+. . . ,
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we have
PZ1loop(k) = −k2σ2vPL(k) +
∫
dk1dk2 δD(k1 + k2 − k)
× (k · k1)
2(k · k2)2
2k41k
4
2
PL(k1)PL(k2), (126)
where σ2v =
4pi
3
∫∞
0 dk PL(k)j0(qk). We go beyond the
Zel’dovich approximation by including nonlinearities in
the distribution of the parallel displacement field, while
we keep linear theory for the transverse one. Thus, in-
troducing the rescaled longitudinal displacement κ‖ and
its linear variance,
κ‖ =
∆x‖
∆q
, σ2κ‖ =
σ2‖
(∆q)2
, (127)
we define its cumulant generating function ϕ‖(y) by
〈e−yκ‖/σ
2
κ‖ 〉‖ = e−ϕ‖(y)/σ
2
κ‖ , (128)
where the average is over the parallel displacements. The
ansatz (121) used for ϕ‖, which depends on the scale ∆q,
agrees with the expansion
ϕ‖(y) = y −
y2
2
+ S3
y3
6
+ . . . , (129)
where S3(∆q) is constructed from
S3(∆q) = −24π
σ4κ‖
∫ ∞
0
dk
P1loop(k)− PZ1loop(k)
(∆q)4k2
×
[
2 + cos(k∆q)− 3sin(k∆q)
k∆q
]
, (130)
and P1loop(k) is the exact one-loop power spectrum con-
structed with perturbation theory. This ensures that the
associated power spectrum is exact up to one-loop order
and it reads as
P ‖(k) =
∫
d∆q
(2π)3
e
−ϕ‖(−ikµ∆qσ2κ‖ )/σ
2
κ‖ e−
1
2
k2(1−µ2)σ2⊥ .
(131)
If we truncate ϕ‖ at quadratic order, ϕ‖ = y − y2/2, we
recover the Zel’dovich power spectrum (125). Thus, the
power spectrum (131) is a generalization of the Zel’dovich
power spectrum. It is consistent with the exact pertur-
bative expansion up to one-loop order (i.e., P 2L), whereas
the Zel’dovich power spectrum only agrees at linear or-
der, and it also contains some perturbative terms at all
higher orders in both Eulerian and Lagrangian spaces
[generated through the nonpolynomial function ϕ‖ and
the exponential in Eq.(131)].
The generating function (128) also defines the proba-
bility distribution function of κ‖,
P‖(κ‖) =
∫ i∞
−i∞
dy
2πiσ2κ‖
e
[κ‖y−ϕ‖(y)]/σ2κ‖ . (132)
The perturbative expressions (131) and (132) do not take
into account nonperturbative phenomena such as shell
crossings, which can be approximated using a simplified
adhesion model whereby particles coalesce when κ‖ < 0.
This is described by modifying the probability distribu-
tion
Pad.(κ‖) = a1Θ(κ‖ > 0)P‖(κ‖) + a0 δD(κ‖), (133)
where a0,1 are determined by the constraints 〈1〉‖ =
〈κ‖〉‖ = 1. This provides a simplified account of the for-
mation of pancakes (the first nonperturbative structures
on large scales, such as the “walls” around cosmic voids
or underdense regions), and it leads to the “cosmic web”
power spectrum
Pc.w.(k) =
∫
d∆q
(2π)3
1
1 +A1
× e− 12 k2(1−µ2)σ2⊥
{
e
−ϕ‖(−ikµ∆q σ2κ‖ )/σ
2
κ‖ +A1
+
∫ 0++i∞
0+−i∞
dy
2πi
e
−ϕ‖(y)/σ2κ‖
(
1
y
− 1
y+ikµ∆q σ2κ‖
)}
(134)
where A1 = (1 − a1)/a1. The power spectra (131) and
(134) are identical to all orders of perturbation theory,
and only differ by nonperturbative corrections of the
form e−1/σ
2
associated with the adhesion-like modifica-
tion (133).
To go to highly nonlinear scales, we use the halo model
and the power spectrum is split over one-halo and two-
halo components as in Eq.(115). Then, the probability
that two particles belong to the same halo is [53]
F1H(∆q) =
∫ ∞
ν∆q/2
dν
ν
f(ν)
(2qM −∆q)2(4qM +∆q)
16q3M
,
(135)
where ν = δL(M)/σM as in Eq.(117) andM = 4πρ¯q
3
M/3.
The linear density contrast δL(M), which is the one
which leads to a halo of nonlinear density contrast 200,
depends on M as the modified gravity dynamics is scale
dependent. The lower bound of the integral corresponds
to the mass enclosed within a radius ∆q/2. The prob-
ability of belonging to two halos is F2H = 1 − F1H. Fi-
nally, the average of the component of the particle dis-
placements which is associated with small-scale virialized
motions within halos reads as
〈eik·∆x〉vir∆q =
[∫ ν∆q/2
0
dν
ν f(ν)u˜M (k)∫ ν∆q/2
0
dν
ν f(ν)
]2
, (136)
because we assume that virialized motions within two
different halos are uncorrelated. We have defined the
Fourier transform of the halo profile as
u˜M (k) =
∫
dx e−ik·xρM (x)∫
dx ρM (x)
, (137)
30
where M =
∫
dx ρM (x).
Then, the two-halo part P2H(k) of the power spectrum
is given by Eq.(118), where we recognize the “cosmic
web” power spectrum (134), to which we have added
the factor F2H, to avoid double-counting with the one-
halo term, and the small-scale motions factor (136), to
take into account the finite width of halos. The one-
halo part P1H(k) is given as usual by Eq.(116), with the
counterterm W˜ 2 associated with mass and momentum
conservation, which ensures that P1H(k) ∝ k4 at low k.
Again, this gives a “halo-model” power spectrum (115)
which is identical to Eq.(131) at all orders of perturba-
tion theory. In particular, thanks to the choice (130), it
agrees with standard perturbation theory up to one-loop
order (and contains partial terms at all higher orders,
generated through the function ϕ‖(y), as well as nonper-
turbative terms of the form e−1/σ
2
). These are all the
ingredients which are necessary to evaluate the power
spectrum in our improved formulation of the halo model.
[1] S. Perlmutter et al. (Supernova Cosmology Project), As-
trophys.J. 517, 565 (1999), astro-ph/9812133.
[2] A. G. Riess et al. (Supernova Search Team), Astron.J.
116, 1009 (1998), astro-ph/9805201.
[3] J. Khoury (2010), 1011.5909.
[4] B. Bertotti, L. Iess, and P. Tortora, Nature 425, 374
(2003).
[5] J. G. Williams, S. G. Turyshev, and D. H. Boggs,
Phys.Rev.Lett. 93, 261101 (2004), gr-qc/0411113.
[6] J. Khoury and A. Weltman, Phys.Rev.Lett. 93, 171104
(2004), astro-ph/0309300.
[7] J. Khoury and A. Weltman, Phys. Rev. D69, 044026
(2004), astro-ph/0309411.
[8] P. Brax, C. van de Bruck, A.-C. Davis, J. Khoury, and
A. Weltman, Phys. Rev. D70, 123518 (2004), astro-
ph/0408415.
[9] T. Damour and A. M. Polyakov, Nucl. Phys. B423, 532
(1994), hep-th/9401069.
[10] A. Vainshtein, Phys.Lett. B39, 393 (1972).
[11] P. Brax, C. van de Bruck, A.-C. Davis, and D. Shaw,
Phys. Rev. D82, 063519 (2010), 1005.3735.
[12] M. Pietroni, Phys.Rev. D72, 043535 (2005), astro-
ph/0505615.
[13] K. A. Olive and M. Pospelov, Phys. Rev. D77, 043524
(2008), 0709.3825.
[14] K. Hinterbichler and J. Khoury, Phys. Rev. Lett. 104,
231301 (2010), 1001.4525.
[15] S. M. Carroll, V. Duvvuri, M. Trodden, and M. S. Turner,
Phys.Rev. D70, 043528 (2004), astro-ph/0306438.
[16] W. Hu and I. Sawicki, Phys.Rev. D76, 064004 (2007),
0705.1158.
[17] P. Brax, A.-C. Davis, and B. Li (2011), 1111.6613.
[18] P. Brax, C. van de Bruck, A. Davis, J. Khoury, and
A. Weltman, AIP Conf.Proc. 736, 105 (2004), astro-
ph/0410103.
[19] P. Brax, A.-C. Davis, B. Li, and H. A. Winther (2012),
1203.4812.
[20] T. Baker, P. G. Ferreira, C. Skordis, and J. Zuntz,
Phys.Rev. D84, 124018 (2011), 1107.0491.
[21] G. Gubitosi, F. Piazza, and F. Vernizzi, JCAP 1302, 032
(2013), 1210.0201.
[22] R. A. Battye and J. A. Pearson (2013), 1301.5042.
[23] J. Gleyzes, D. Langlois, F. Piazza, and F. Vernizzi (2013),
1304.4840.
[24] P. Brax, A.-C. Davis, B. Li, H. A. Winther, and G.-B.
Zhao (2012), 1206.3568.
[25] H. Oyaizu, M. Lima, and W. Hu, Phys. Rev. D 78,
123524 (2008), 0807.2462.
[26] J. Wang, L. Hui, and J. Khoury (2012), 1208.4612.
[27] P. Valageas, T. Nishimichi, and A. Taruya, ArXiv e-
prints (2013), 1302.4533.
[28] P. Brax, R. Rosenfeld, and D. A. Steer, JCAP 1008, 033
(2010), 1005.2051.
[29] B. Li and G. Efstathiou, Mon.Not.Roy.Astron.Soc. 421,
1431 (2012), 1110.6440.
[30] T. P. Sotiriou and V. Faraoni, Rev.Mod.Phys. 82, 451
(2010), 0805.1726.
[31] C. M. Will, Living Rev.Rel. 4, 4 (2001), gr-qc/0103036.
[32] P. Brax, A.-C. Davis, and B. Li, Physics Letters B 715,
38 (2012), 1111.6613.
[33] P. Brax, A.-C. Davis, B. Li, and H. A. Winther, Phys.
Rev. D 86, 044015 (2012), 1203.4812.
[34] P. Brax, A.-C. Davis, B. Li, H. A. Winther, and G.-B.
Zhao, JCAP 10, 002 (2012), 1206.3568.
[35] P. Brax, C. van de Bruck, A.-C. Davis, B. Li,
B. Schmauch, et al., Phys.Rev. D84, 123524 (2011),
1108.3082.
[36] C. Llinares and D. F. Mota, Physical Review Letters 110,
161101 (2013), 1302.1774.
[37] K. Koyama, A. Taruya, and T. Hiramatsu, Phys. Rev. D
79, 123512 (2009), 0902.0618.
[38] G. Dvali, G. Gabadadze, and M. Porrati, Physics Letters
B 485, 208 (2000), arXiv:hep-th/0005016.
[39] P. Brax and P. Valageas, Phys. Rev. D 86, 063512
(2012), 1205.6583.
[40] F. Bernardeau, S. Colombi, E. Gaztan˜aga, and R. Scoc-
cimarro, Phys. Rep. 367, 1 (2002), arXiv:astro-
ph/0112551.
[41] F. Bernardeau and P. Brax, JCAP 1106, 019 (2011),
1102.1907.
[42] P. Valageas, Astr. & Astrophys. 484, 79 (2008),
0711.3407.
[43] P. Valageas, Astr. & Astrophys. 382, 450 (2002),
arXiv:astro-ph/0107333.
[44] F. Bernardeau, Astrophys. J. 427, 51 (1994),
arXiv:astro-ph/9311066.
[45] P. Valageas, Astr. & Astrophys. 508, 93 (2009),
0905.2277.
[46] F. Schmidt, Phys. Rev. D 81, 103002 (2010), 1003.0409.
[47] J. Clampitt, B. Jain, and J. Khoury, JCAP 1201, 030
(2012), 1110.2177.
[48] J. F. Navarro, C. S. Frenk, and S. D. M. White, Astro-
phys. J. 490, 493 (1997), arXiv:astro-ph/9611107.
[49] P. Schneider and M. Bartelmann, Mon. Not. R. Astr.
Soc. 273, 475 (1995).
[50] A. N. Taylor and A. J. S. Hamilton, Mon. Not. R. Astr.
31
Soc. 282, 767 (1996), arXiv:astro-ph/9604020.
[51] Y. B. Zel’Dovich, Astr. & Astrophys. 5, 84 (1970).
[52] W. Hu and I. Sawicki, Phys. Rev. D 76, 104043 (2007),
0708.1190.
[53] P. Valageas and T. Nishimichi, Astr. & Astrophys. 527,
A87+ (2011), 1009.0597.
[54] In contrast, if nonlinearities such as δR2, without a
Laplacian prefactor, entered Eq.(3), this would yield con-
tributions such as 〈(δρ)2〉 for large volume averages which
do not vanish, whence a component ∝ |x|2 to the poten-
tial (2) and a modification of the Hubble expansion rate
itself, that is, a backreaction on large scales from the
cumulative effect of small-scale nonlinearities.
